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Abstract
In this thesis, two topics will be studied. In the first part, we investigate the geomet-
ric quantization of the Weil-Petersson metric on the moduli space of Fano Ka¨hler-
Einstein manifolds. In the second part, we investigate the (weak) pseudo-convexity
of the Teichmu¨ller space of Ka¨hler-Einstein manifolds of general type.
In Chapter 1, we review the (infinitesimal) deformation theory of complex struc-
tures on compact complex manifolds. Based on Hodge theory, the existence of (in-
finitesimal) deformations will be discussed in detail. In Chapter 2, we explore the
deformation theory of complex structures on compact Fano Ka¨hler-Einstein mani-
folds with respect to the Kuranishi-divergence gauge. We also give the construction
of local canonical sections of the relative tangent bundle. Based on these works, we
show that the Weil-Petersson metric can be approximated by the curvatures of the
natural L2 metrics on the direct image of the tensor powers of relative anti-canonical
bundles after normalization. In Chapter 3, we look at the Teichmu¨ller space T of
Ka¨hler-Einstein manifolds of general type whose complex structure is unobstructed.
Let N be a Riemannian manifold with nonpositive sectional curvature. We prove
that the harmonic energy from T to N is pluri-subharmonic.
1
Chapter 1
Deformation Theory of Complex
Structures
In this chapter, we first review the original idea of Kodaira and Spencer’s deforma-
tion theory of complex structures on a compact complex manifold. In particular, we
take a detailed look at how the Kuranishi gauge is used in the proof of the existence
of an analytic family of complex structures. We will also mention the completeness
theorem of the analytic family.
Definition 1.0.1 (Complex Manifold). Suppose X is a second countable, Hausdorff
topological space. It is a complex manifold if the following properties are satisfied:
1 X =
⋃
α∈Λ
(Uα, zα), where for all α ∈ Λ, Uα is open in X, and zα : Uα →
zα(Uα) ⊂ Cn is homeomorphism.
2 fαβ = zα ◦ z−1β : zβ(Uα ∩ Uβ)→ zα(Uα ∩ Uβ) is biholomorphic.
From now on, we only focus on compact complex manifolds. In this case, we can
cover X by only finitely many coordinate charts. The complex structure is deter-
mined by the holomorphicity of the transition functions. Heuristically, on a given
compact complex manifold X = { ⋃
α∈Λ
(Uα, zα), fαβ}, we fix the underlying smooth
structure. If there is another complex structure on it, i.e. X ′ = { ⋃
α∈Λ
(U ′α, z
′
α), f
′
αβ},
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we expect that new complex structure could be obtained by shifting coordinate
patchs of the previous one; from the viewpoint of sheaf theory, the deformation lies
in the sheaf cohomology H1(X,O(T 1,0X)).
If we consider the complexified tangent bundle TXC = TX ⊗ C, the complex
structure is equivalent to the existence of a J ∈ End(TX) such that J2 = −1 and
J satisfies integrability condition, i.e. Nijenhuis tensor vanishes. This J yields to
the splitting TpX
C = T 1,0p X ⊕ T 0,1p X for all p ∈ X, with pr1,0J = 12(Id −
√−1J)
and pr0,1J =
1
2
(Id+
√−1J) the component projections with respect to the complex
structure J . Holomorphicity is equivalent to the condition of pr0,1J [pr
1,0X, pr0,1Y ] =
0, forX, Y ∈ TMC where [X, Y ] is the Lie bracket for vector fields on TX. Moreover,
the complex structure J defines the operators ∂ = pr1,0J d and ∂ = pr
0,1
J d with ∂
2
= 0.
(Here, we abuse notation by applying pr1,0J and pr
0,1
J on the cotangent bundles in
the natural way.)
Suppose J ′ is another complex structure sufficiently close to J such that TXC =
T 1,0X
′⊕T 0,1X ′. Then pr0,1J is an isomorphism between T 0,1X ′ and T 0,1X. We have
a ϕ ∈ A0,1(X,T 1,0X), a vector valued (0, 1)−form on X which represents the map
pr1,0 ◦ (pr0,1)−1 : T 0,1X → T 0,1X → T 1,0X.
In the next section, we will explain how this vector valued one form arises.
Definition 1.0.2 (Analytic family of compact complex manifolds). We say X =
{Xt|t ∈ B} is an analytic family of compact complex manifolds if
• B is a complex manifold which parametrizes complex structures on the given
underlying smooth manifold.
• there exists holomorphic map pi : X → B such that
– for all t, pi−1(t) = Xt,
– rank pi = dimB.
Remark 1. 1. pi : X → B is holomorphic, so the total space is a complex
manifold.
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2. For rank pi = dimB, this means for p ∈ Uα ⊂X , if zα(p, t) = (z1α, · · · znα, t1 · · · tm)
are suitable local coordinates, then pi(p) = (t1 · · · tm). On the other hand, if p ∈
Uα
⋂
Uβ ⊂X and zα(p, t) = (z1α, · · · znα, t1 · · · tm) , zβ(p, t) = (z1β, · · · znβ , t1 · · · tm),
then the transation function fαβ(t) = zα(p, t) ◦ z−1β (p, t) depends on t. Hence
different t ⇐⇒ different transition function ⇐⇒ different complex structure.
3. For a given complex manifold (X0, J0), if there exists such an analytic family
{Xt|t ∈ B} such that pi0 = (X0, J0) we call (Xt, Jt) is the deformation of
(X0, J0).
Question: For a given compact complex manifold (X0, J0), does there exist an
analytic family, at least for B = {t : |t| < ε} ⊂ Cn? If such an analytic family exsits
, we call the total space to be an (infinitesimal) deformation family of (X0, J0).
1.1 Basic idea of analytic deformation theory
Let X be a compact complex manifold of dimCX = n. Suppose X =
⋃
α∈Λ
(Uα, zα),
and transition function is fαβ = zα◦z−1β : zβ(Uα∩Uβ)→ zα(Uα∩Uβ). From Kodaira-
Spencer’s viewpoint, deforming the complex structure on a given compact complex
manifold is equivalent to deforming the transition functions holomorphically, which
they describes as
dXt
dt
= θ, θ = [θαβ], where θαβ =
n∑
i=1
∂f iαβ(zβ ,t)
∂t
∂
∂ziα
∈ H1(Xt,O(T 1,0Xt)).
Remark 2. [θαβ] is well-defined, moreoverθαβ + θβγ + θγα = 0θαβ = −θβα. (1.1.1)
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Proof. It suffices to check θαβ = θαγ + θγβ.
θαβ =
n∑
i=1
∂f iαβ(zβ, t)
∂t
∂
∂ziα
=
n∑
i=1
(
∂f iαγ
∂zkβ
∂zkβ
∂t
+
∂f iαβ
∂t
)
∂
∂ziα
=
n∑
i=1
∂f iαγ(zγ, t)
∂t
∂
∂ziα
+
n∑
i=1
∂f iαβ
∂t
∂zkγ
∂ziα
∂
∂zkγ
= θαγ + θγβ
At t = 0, the Dolbeault theorem tells us thatH1(X0,O(T 1,0X0)) ∼= H0,1∂ (X0, T 1,0X0).
Moreover, Kodaira-Spencer show that for sufficiently small t ∈ B, we can express
the deformation by an element ϕ(t) ∈ A0,1(X0, T 1,0X0).
Theorem 1.1.1. On a given compact complex manifold X0 , if there is an ana-
lytic family pi : X = {Xt|t ∈ B ⊂ Cn, |t| < } → B such that pi−1(0) = X0
and Xt = pi
−1(t), then the complex structure on Xt is determined by some ϕ(t) ∈
A0,1(X0, T
1,0X0) satisfying: ∂ϕ = 12 [ϕ, ϕ]ϕ(0) = 0. (1.1.2)
The ∂ operator is with respect to the complex structure on (X0, J0).
Remark 3. If we take local holomorphic coordinates (z1, · · · , zn) on X, and let
ϕ =
∑
i,j
ϕi
j
dzj⊗ ∂
∂zi
and ψ =
∑
k,l
ψk
l
dzl⊗ ∂
∂zk
, then [ϕ, ψ] =
∑
i,j,k,l
(ϕi
j
∂iψ
k
l
+ψi
j
∂iϕ
k
l
)dzj∧
dzl ⊗ ∂
∂zk
.
Proof. On X , consider the coordinate charts {Uα, (wα, t)}, such that on Uα ∩Uβ,
wα(t) =
∑
β
fαβ(wβ(t), t), and fαβ is holomorphic in t.
At t = 0, on the central fiber X0, there are two differentiable coordinate systems:
one is inherited from the holomorphic structure, locally, say on Uα, we write it to
be (z1α, · · · , znα); another is from the total space X , i.e. (w1α(z, 0), · · · , wnα(z, 0)). So
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the Jacobian det(∂w
i(z,0)
∂zj
) 6= 0 on Uα. If |t| is sufficiently small, then det(∂wi(z,t)∂zj ) 6= 0
on Uα. We let F
j
i = (
∂wi(z,t)
∂zj
)−1, and
ϕ =
∑
i,j,k
F ij
∂wj
∂zk
dzk ⊗ ∂
∂zi
.
Then it can be checked that ϕ is well-defined and does not depend on the local coordi-
nates, so it is a global section of A0,1(X0, T
1,0X0). Let us write ϕ =
∑
i,j
ϕi
j
(t)dzj⊗ ∂
∂zi
,
then the holomorphic coordinates (w1, · · · , wn) on Xt satisfies:
∂wi
∂zk
=
∑
j
ϕj
k
∂wi
∂zj
,
for all i = 1, · · · , n and k = 1, · · · , n.
Under the new complex structure on Xt, a smooth function f is holomorphic if
and only if
(
∂ −∑
i
ϕi(t)∂i
)
f(z) = 0 on the central fiber, where ϕi(t) =
∑
j
ϕ(t)i
j
dzj.
When t = 0, by the holomorphic structure on X0, it is easy to see that ϕ(0) = 0.
To show the first equation in 1.1.2, we use ∂wi =
∑
j
ϕj∂jw
i, where ∂ =
∑
i
∂
∂zi
dzi
ϕj =
∑
k
ϕj
k
dzk. Applying ∂ on both sides,
0 =
∑
p,k,j
[
∂p∂jw
iϕj
k
+ ∂jw
i∂pϕ
j
k
]
dzp ∧ dzk
=
∑
p,k,j,l
[
∂j(ϕ
l
p∂lw
i)ϕj
k
+ ∂jw
i∂pϕ
j
k
]
dzp ∧ dzk
=
∑
p,k,j,l
[
∂lϕ
j
pϕ
l
k
+ ∂pϕ
j
k
]
∂jw
idzp ∧ dzk
=
∑
p,k,j
[
∂pϕ
j
k
− ∂lϕjkϕlp
]
∂jw
idzp ∧ dzk
(1.1.3)
If t is small enough, ∂w
i
∂zj
is invertible. We obtain ∂ϕ = 1
2
[ϕ, ϕ].
However, not every element in A0,1(X0, T
1,0X0) can express the deformation.
The obstruction of deformation lies in H2(X0,O(T 1,0X0)).
Theorem 1.1.2. If (X0, J0) is a compact complex manifold, and ρ ∈ H1(X0,O(T 1,0X0))
is an infinitesimal deformation, then [ρ, ρ] = 0.
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1.2 Existence of infinitesimal deformations
Theorem 1.2.1 (Kodaira, Kuranishi, Nirenberg, Spencer). If X0 is a compact com-
plex manifold, and H2(X0,O(T 1,0X0)) = 0, then for every η ∈ H1(X0,O(T 1,0X0)),
there exists an analytic family pi : X = {Xt|t ∈ B, |t| < ε} → B ⊂ Cm such that
• X0 = pi−1(0),
• dXt
dt
|t=0 = η, i.e. the Kodaira-Spencer map KS: T0(Bε) → H1(X0,O(T 1,0X0))
is surjective.
We sketch the proof of the following existence theorem by using Hodge Theory
to construct the formal power series solution to the deformation equation (1.1.2).
To guarantee uniqueness of the solution, we fix Kuranishi Gauge i.e. ∂
∗
ϕ = 0.
Theorem 1.2.2 (Kodaira, Kuranishi, Nirenberg, Spencer). Let (X0, g0) be a com-
pact complex manifold, and g0 be Hermitian metric. Suppose H
2(X0,O(T 1,0X0)) =
0, then 
∂ϕ = 1
2
[ϕ, ϕ]
∂
∗
ϕ = 0
ϕ(0) = 0
(1.2.1)
has a unique power series solution ϕ(t) =
∞∑
i=1
ϕi(t).
Proof. Step 1: Construction of the power series
By Hodge theory, if ∂
∗
ϕ = 0, then
ϕ(t) = H(ϕ) + ∂∂∗Gϕ+ ∂∗∂Gϕ
= H(ϕ) +
1
2
∂
∗
G[ϕ, ϕ],
(1.2.2)
where G : A0,1(X0, T
1,0X0) → A0,1(X0, T 1,0X0) is the Green operator associated to
the Hodge Laplacian  = ∂∂∗ + ∂∗∂.
Let ϕ(t) =
∞∑
i=1
ϕi(t), where ϕi(t) =
∑
|I|=i
tIϕI , where I is multi-index.
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LetH1(X0,O(T 1,0X0)) = span{β1, · · · , βk}. Then ϕ1(t) = H(ϕ) ∈ H1(X0,O(T 1,0X0))
and there exists t1, · · · , tk such that ϕ1(t) =
k∑
j=1
tjβj.
Comparing the power of t in (1.2.2), we get a power series solution to the defor-
mation equation as follows:
ϕ2 =
1
2
∂
∗
G[ϕ1, ϕ1]
ϕ3 =
1
2
∂
∗
G([ϕ1, ϕ2] + [ϕ2, ϕ1])
...
ϕn =
1
2
∂
∗
G
n−1∑
j=1
[ϕj, ϕn−j]
...
(1.2.3)
Step 2: Convergence
First, we show the power series is convergent in Ck+α norm || · ||k+α.
Lemma 1.2.1 (A priori estimate).
‖ϕ‖k+α ≤ C(‖ϕ‖k−2+α + ‖ϕ‖0).
Lemma 1.2.2.
‖[ϕ, ψ]‖k+α ≤ C‖ϕ‖k+α+1‖ψ‖k+α+1.
Lemma 1.2.3.
‖Gϕ‖k+α ≤ C‖ϕ‖k−2+α.
Let ϕn(t) =
n∑
i=1
ϕi(t), then by (1.2.3),
ϕn(t) =
1
2
∂
∗
G[ϕn−1(t), ϕn−1(t)]mod(tn+1).
We consider a power series
A(t) =
β
16γ
∞∑
m=1
γm(t1 + · · ·+ tk)m
=
∑
|I|≥1
AIt
I
(1.2.4)
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with β, γ are positive constants, I is multi-index. When |t|  1, A(t) is convergent.
Our goal is to find proper β, γ, such that ‖ϕ(t)‖k+α ≤ A(t), i.e. ‖ϕ|I|‖k+α ≤ A|I|
When n = 1, ϕ1 = ϕ1 =
k∑
i=1
tiβi, so we can choose β, γ such that ‖ϕ1‖k+α ≤ A(t).
Assume ‖ϕn−1(t)‖k+α ≤ A(t), then
‖1
2
∂
∗
G[ϕn−1(t), ϕn−1(t)]‖k+α ≤ C1‖G[ϕn−1(t), ϕn−1(t)]‖k+α+1
≤ Ck,αC1‖[ϕn−1(t), ϕn−1(t)]‖k+α−1
≤ Ck,αC1C‖ϕn−1(t)‖2k+α
(1.2.5)
By the induction hypothesis, we get
‖ϕn(t)‖k+α ≤ C˜A(t)2.
But we also haveA(t)2 ≤ β
γ
A(t). Now we can further choose β, γ such that C˜(β
γ
) ≤ 1,
then for all n, ‖ϕn(t)‖k+α ≤ A(t).
Therefore, ϕ(t) is convergent in Ck+α norm.
Step 3: We show that under the assumption H2(X0,O(T 1,0X0)) = 0, the
power series constructed in step 1 and 2 is the solution to ∂ϕ = 1
2
[ϕ, ϕ].
Proposition 1. If ϕ(t) = H(ϕ) + 1
2
∂
∗
G[ϕ, ϕ], then ∂ϕ = 1
2
[ϕ, ϕ] if and only if
H[ϕ, ϕ] = 0.
Proof. If ∂ϕ = 1
2
[ϕ, ϕ], then H[ϕ, ϕ] = 2H∂ϕ = 0.
Conversely, if H[ϕ, ϕ] = 0, we will show ∂ϕ = 1
2
[ϕ, ϕ].
Let ψ = ∂ϕ− 1
2
[ϕ, ϕ], by Hodge decompositon, we get
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ψ = ∂ϕ− 1
2
[ϕ, ϕ]
=
1
2
∂∂
∗
G[ϕ, ϕ]− 1
2
[ϕ, ϕ] = −1
2
∂
∗
∂G[ϕ, ϕ]
= −1
2
∂
∗
G([∂ϕ, ϕ]− [ϕ, ∂ϕ])
= −∂∗G[∂ϕ, ϕ]
= −∂∗G([ψ + 1
2
[ϕ, ϕ], ϕ])
= −∂∗G[ψ, ϕ]
(1.2.6)
By lemma 1.2.1-1.2.3,
‖ψ‖k+α = ‖∂∗G[ψ, ϕ]‖k+α
≤ C1‖G[ψ, ϕ]‖k+α+1
≤ C2‖[ψ, ϕ]‖k+α−1
≤ C3‖ϕ‖k+α‖ψ‖k+α.
(1.2.7)
We can choose sufficiently small t such that C3‖ϕ‖k+α  1, which is possible since
ϕ(0) = 0. Therefore, ‖ψ‖k+α = 0 and ψ = 0.
Step 4: Regularity of ϕ
Proposition 2. ϕ(z, t) is C∞ in (z, t) and holomorphic in t.
Proof. By the construction, ϕ is a power series in t, so it’s holomorphic in t and
n∑
i=1
∂2ϕ
∂ti∂ti
= 0.
On the other hand, we know ϕ satisfies:∂ϕ = 12 [ϕ, ϕ]∂∗ϕ = 0. (1.2.8)
We get, ϕ = ∂∂∗ϕ+ ∂∗∂ϕ = 1
2
∂
∗
[ϕ, ϕ].
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Since as ϕ satisfies the quasi-linear elliptic equation
n∑
i=1
∂2ϕ
∂ti∂ti
+ϕ− 1
2
∂
∗
[ϕ, ϕ] = 0,
we have C∞ regularity is for small t.
Step 5: {Xt|t ∈ Bε} is a complex analytic family.
The last step follows from Nirenberg-Newlander theorem.
Theorem 1.2.3 (Nirenberg-Newlander). Locally, let Li = (
∂
∂zi
)− ϕj
i
( ∂
∂zj
), suppose
Li and Li are complex linearly independent, ∂ϕ =
1
2
[ϕ, ϕ]. Then there are n C∞
solutions w1 · · ·wn to Li = 0, such that
det
(∂(w1, · · · , wn, w1, · · · , wn)
∂(z1, · · · , zn, z1, · · · , zn)
) 6= 0.
1.3 Completeness of the analytic family
In this section, we prove Kuranishi’s theorem which can be viewed as the complete-
ness of an analytic family of complex structures.
Definition 1.3.1. Let pi : X = {Xt|t ∈ B, |t| < ε} → B ⊂ Cm be a complex ana-
lytic family of compact complex manifolds. The family (X , B, pi) is called complete
at t0 ∈ B, if for any complex analytic family (N , D, ω) containing 0 and so that
pi−1(t0) = ω−1(0), there are a sufficiently small domain E with 0 ∈ E ⊂ D, and
a holomorphic map h such that (NE, E, ω) is the complex analytic family induced
from (X , B, pi) by h, where NE = ω−1(E).
Theorem 1.3.1. (Kuranishi)
(a) Let X be a given compact complex manifold. Let {ην}mν=1 be a base for H1 ∼=
H1(X,O(T 1,0X)). Suppose ϕ(t) is the solution to the Kuranishi equation
ϕ(t) = η(t) +
1
2
∂
∗
G[ϕ(t), ϕ(t)] (1.3.1)
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where η(t) =
m∑
ν=1
tνην, for sufficiently small |t| < . Let B = {t ∈ Cn||t| <
,H[ϕ(t), ϕ(t)] = 0}. Then for all t ∈ B, ϕ(t) determines a complex structure
on Xt.
(b) Let ψ ∈ A0,1(X,T 1,0X) such that ∂ψ = 1
2
[ψ, ψ]. Then ψ determines a complex
structure on Xψ. If the sobolev norm ||ψ||Wk,2 is small enough, then there
exists a holomorphic vector field ξ ∈ H0(X,O(T 1,0X))⊥, and a diffeomorphism
fξ : X → X depending on ξ, such that ϕ(t) = ψ ◦fξ for some t ∈ B and Xψ is
biholomorphic to Xt, where H
0(X,O(T 1,0X))⊥ is the orthogonal complement
of H0(X,O(T 1,0X)) with respect to the L2 norm.
Remark 4. 1. In the Kuranishi theorem, one is not assuming H2(X,O(T 1,0X)) =
0, i.e. the deformation of the complex structure may have obstructions.
2. In the previous section, to show the existence of the solution to the deformation
equation, we fixed the Kuranishi Gauge, i.e. ∂
∗
ϕ = 0. However, in general,
the Kuranishi gauge may not be fixed. In the following of proof of statement
(b), we will see that based on the assumption of sufficiently small solution to
the deformation equation, we can find a diffeomorphism to adjust the gauge
such that Kuranishi gauge can be achieved.
3. Statement (b) can be viewed as a completeness theorem of the analytic family.
Proof. (a) follows immediately from Proposition 1.
For (b), we need to show for Xψ with ||ψ||Wk,2 < δ for some δ  1, Xψ is
biholomorphic to Xϕ(t) for some t ∈ B. We divide the proof into the following three
propositions.
Proposition 3. For fixed η(t) ∈ H1(X,T 1,0X), the Kuranishi equation ϕ(t) =
η(t) + 1
2
∂
∗
G[ϕ(t), ϕ(t)] has only one solution with ||ϕ||k = ||ϕ||Wk,2 < δ.
Proof. Assume ϕ and ψ are two solutions to the Kuranishi equation with Hϕ =
12
Hψ = η(t), and ||ϕ||k, ||ψ||k < δ. Then,
τ =ϕ− ψ
=
1
2
∂
∗
G[ϕ, ϕ]− 1
2
∂
∗
G[ψ, ψ]
=
1
2
∂
∗
G([τ, τ ] + 2[τ, ψ])
(1.3.2)
Hence, ||τ ||k ≤ C||τ ||k(||τ ||k + ||ψ||k), and this inequality is true if and only if
||τ ||k = 0 due to the fact that ||ϕ||k, ||ψ||k < δ.
According to this proposition, the small enough solution to the Kuranishi equa-
tion is uniquely determined by its harmonic part.
The next proposition tells that with respect to Kuranishi gauge, any complex
manifold Xψ with ||ψ||k ≤ δ can be obtained by the solution to the Kuranishi
equation.
Proposition 4. For Xψ with ||ψ|| < δ, if ∂∗ψ = 0, then there exists a solution ϕ(t)
satisfying the Kuranishi equation ϕ(t) = η(t) + 1
2
∂
∗
G[ϕ(t), ϕ(t)] such that Xψ ∼=
Xϕ(t). (Acutally, ψ = ϕ(t)).
Proof. Assume the complex structure on Xψ is determined by ψ. Then ψ satisfies
the deformation equation ∂ψ = 12 [ψ, ψ]∂∗ψ = 0. (1.3.3)
Let η = H(ψ), then ψ = η + 1
2
∂
∗
G[ψ, ψ] with ||ψ||k < δ. By the previous
propostion, we know ψ = ϕ(t) for some |t| < .
However, in general, the Kuranishi gauge may not hold. The following propo-
sition shows that we can always find a diffeomorphism to adjust the gauge to the
Kuranishi gauge.
Proposition 5. If ∂
∗
ψ 6= 0, then for ||ψ||k < δ, there exists a diffeomorphism
fξ : X → X determined by a vector ξ ∈ H0(X0, T 1,0X)⊥, such that ∂∗(ψ ◦ fξ) = 0.
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Proof. Claim: For sufficiently small ||ψ||k, a diffeomorphism f : X → X, ϕ = ψ ◦f
also determines a complex structure on X.
Proof of the Claim: Assume Xψ ⊂
⋃
α
(Uα, ζ
α(z)), where ζα(z) is the local
ψ-holomorphic coordinate. Suppose f : X → X is a diffeomorphism and X ⊂⋃
α
(f(Uα), ζ
α(f(z))). Then
∂ζα(z) = ψβ∂βζα(z)∂ζα(f(z)) = ϕβ∂βζα(f(z)). (1.3.4)
From the second equation,
∂ζα
∂fγ
∂fγ
∂zδ
+
∂ζα
∂f
γ
∂f
γ
∂zδ
= ϕβδ
[
∂ζα
∂fγ
∂fγ
∂zβ
+
∂ζα
∂f
γ
∂f
γ
∂zβ
]
.
Using the first equation, we get
∂ζα
∂fγ
∂fγ
∂zδ
+ ψβγ
∂ζα
∂fβ
∂f
γ
∂zδ
= ϕβδ
[
∂ζα
∂fγ
∂fγ
∂zβ
+ ψηγ
∂ζα
∂f η
∂f
γ
∂zβ
]
.
Then we obtain
∂fγ + ψγβ∂f
β
= ϕβ[∂βf
γ + ψγη∂βf
η
]. (1.3.5)
There exists some δ  1, such that when ||ψ||k < δ, the gauge matrix [∂βfγ +
ψγη∂βf
η
] is invertible, and the new complex structure ϕ is determined by ψ and the
diffeomorphism f .
Next, we will use geodesics to construct such a diffeomorphism.
Recall that if z(t) = (z1(t), · · · , zn(t)) is the geodesic which starts from z0 with
initial velocity ξ, then it satisfies the equation
d2zα(t)
dt2
+ Γαβγ
dzα
dt
dzβ
dt
= 0
z(0) = z0
dz(t)
dt
∣∣
t=0
= ξ
(1.3.6)
where Γαβγ corresponds to the Chern connection of the Hermitian metric.
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z(t) smoothly depends on the initial data zα(t) = zα(t, z0, ξ). Now we let
fα(z0, ξ) = z
α(1, z0, ξ). We want to find the Taylor expansion of f with respect
to ξ. Notice that
fα(z0, tξ) = z
α(1, z0, tξ) = z
α(t, z0, ξ), (1.3.7)
take derivative on t, we get
∂fα
∂ξβ
ξβ +
∂fα
∂ξ
β
ξ
β
=
∂zα
∂t
,
so, 
fα(z0, 0) = z
α
0
∂fα
∂ξβ
(z0, 0) = δαβ
∂fα
∂ξ
β (z0, 0) = 0.
(1.3.8)
Thus, we obtain the expansion
fα(z0, ξ) = z
α
0 + ξ
α +O(|ξ|2) = zα0 + ξα + hα.
For a given vector ξ, we define the diffeomorphism fξ : z
α 7→ fα(z, ξ), which satisfies
equation (1.3.5), i.e.
∂ξα + ∂hα + ψα
β
[dzβ + ∂ξ
β
+ ∂h
β
] = ϕβ[δαβ + ∂βξ
α + ∂βh
α + ψαη (∂βz
η
0 + ∂βξ
η
+ ∂βh
η
)],
and
ϕβ = ∂ξβ + ψβ +R(ξ, ψ), (1.3.9)
where R(ξ, ψ) smoothly depends on ξ, ψ and their first order derivatives.
We are looking for ξ that the modified complex structure satisfies ∂
∗
ϕ = ∂
∗
(ψ ◦
fξ) = 0, where fξ is the diffeomorphism generated by ξ.
Now, take ξ ∈ H0(X,O(T 1,0X))⊥, i.e. for all η ∈ H0(X,O(T 1,0X)), < ξ, η >L2=
0. By the Hodge decomposition, ξ = ∂
∗
∂Gξ, and by equation (1.3.9),
∂
∗
ϕ = ∂
∗
∂ξ + ∂
∗
ψ + ∂
∗
R(ξ, ψ) = 0,
and
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ξ +G∂
∗
ψ +G∂
∗
R(ξ, ψ) = 0. (1.3.10)
By the implicit function theorem, equation (1.3.10) has solution ξ = g(ψ) for
‖ψ‖k < δ. Since the equation
ξ + ∂∗R(ξ, ψ) + ∂∗ψ = 0
is of second order elliptic, ξ is C∞.
Therefore, with such ξ, the diffeomorphism fξ will adjust the gauge into the
Kuranishi gauge.
We finish the proof of Theorem 1.3.1.
16
Chapter 2
Complex Deformation on Fano
Ka¨hler-Einstein Manifolds
In this chapter, we study the analytic family of Fano Ka¨hler-Einstein manifolds. For
a Fano Ka¨hler-Einstein manifold, we know that the deformation of complex struc-
ture has no obstruction, so the deformation equation with respect to the Kuranishi
gauge can be solved and the solution is uniquely determined by its harmonic part. In
the following computation, instead of using the Kuranishi gauge, we will use the di-
vergence gauge. In section 1, we show that these two gauges are equivalent on a Fano
Ka¨hler-Einstein manifold. As a matter of fact, we prove a more general result. We
consider a Fano Ka¨hler manfold with the Ricci potential given by a smooth function
f . If we replace the Kuranishi gauge and the divergence gauge by the f−Kuranishi
gauge and the f−divergence gauge, then we conclude that the f−Kuranishi gauge
is equivalent to the f−divergence gauge. This equivalence guarantees that the de-
formation equation of the complex structure on the Fano manifold is solvable under
the f−divergence gauge. In particular, on the Ka¨hler-Einstein manifold, the defor-
mation equation of the complex structure is solvable under divergence gauge. In
section 2, based on the assumption that the automorphism group is discrete, we
compute the Taylor expansion of the Ka¨hler form and volume form on the deformed
Fano Ka¨hler-Einstein manifolds. This expansion will be used in the study of the L2
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metric on the direct image sheaf in later sections. In section 3, we investigate the
deformation of pluri-anticanonical sections. We establish the deformation equation
of these sections and use the Hodge theory to show that the deformation equation is
solvable under the Kuranishi-divergence gauge. Furthermore, starting from a pluri-
anticanonical section on the central fiber, we can explicitly construct the solution to
the deformation equation in terms of the power series. In section 4, by studying the
Taylor expansion of L2 metric on the direct image sheaf, we obtain the quantiza-
tion of the Weil-Petersson metric on the moduli space. In section 5, we explore the
deformation of the holomorphic vector field. Especially, we discuss the solution to
the deformation equation of the holomorphic vector field under the assumption that
the dimension of the space of holomorphic vector fields is a constant. The results
obtained in this chapter is in paper [5].
2.1 Deformation of complex structures on Fano
manifolds and gauge equivalence
Definition 2.1.1. Let (X, J) be a compact complex manifold. X is called Fano if
the anticanonical line bundle K−1X = Λ
nT 1,0X is ample; equivalently, the first Chern
class c1(X) > 0.
Definition 2.1.2. Let (X, J, ω) be a Ka¨hler manifold with the Ka¨hler form ω. It
is called Ka¨hler-Einstein manifold if the Ricci form satisfies Rij = ρω, where ρ is a
constant. In particular, if ρ > 0, X is called the Fano Ka¨hler-Einstein manifold; if
ρ = 0, X is called the Calabi-Yau manifold; and if ρ < 0, X is called Ka¨hler-Einstein
manifold of general type.
Lemma 2.1.1. Let (X0, J0, ω0) be a compact Fano Ka¨hler manifold with canonical
line bundle K0. Then
H2(X0,O(T 1,0X0)) = 0.
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Proof. By Serre duality,
H2(X0,O(T 1,0X0)) ∼= Hn−2(X0,O((T 1,0X0)∗ ⊗K0))
∼= Hn−2(X0,Ω1(K0)).
But on Fano manifold, c1(K0) = −c1(X0) < 0. By the Kodaira vanishing theorem,
we know
H2(X0,O(T 1,0X0)) = 0.
Hence, there is no obstruction to the deformation of complex structure on Fano
manifolds, and in particular, this is true on compact Fano Ka¨hler-Einstein mani-
folds. According to Kodaira, Kuranishi, Nirenberg and Spencer’s work (see Theroem
1.2.1), there exists an (infinitesimal) analytic family pi : X → B = {t = (t1 · · · , tk) ∈
Ck
∣∣|t| < } of Fano manifolds. Here k = dimH1(X0, T 1,0X0). In addition, the de-
formation equation 
∂ϕ(t) = 1
2
[ϕ(t), ϕ(t)]
∂
∗
ϕ(t) = 0
ϕ(0) = 0
(2.1.1)
has a unique power series solution ϕ(t) =
∞∑
i=1
ϕi(t) with ϕ1(t) = H(ϕ) ∈ H1(X0, T 1,0X0),
and ϕi(t) =
∑
α1+···αk=i
tα11 · · · tαkk ϕα1···αk . Recall that the condition ∂
∗
ϕ(t) = 0 is ref-
ered to be the Kuranishi Gauge.
If (X0, J0, ω0) is a compact Fano Ka¨hler manifold, then by ∂∂−Lemma, there
is a smooth complex valued function f on X0 such that Ric0 − ω0 =
√−1
2
∂∂f . Let
(E, h) → X0 be a complex vector bundle, and Ap,q(X0, E) is the space of smooth
E-valued (p, q)-forms. With f , we can define the L2f−norm on Ap,q(X0, E). For
ϕ,ψ ∈ Ap,q(X0, E),
< ϕ,ψ >f=
∫
X0
(ϕ, ψ)he
f ω
n
0
n!
.
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Moreover, we define ∂
∗
f = ∂
∗ − i∇f , where ∇f is a (0, 1)−vector. The f−Laplacian
is defined to be f = ∂∂
∗
f + ∂
∗
f∂. We mention that f is a second order el-
liptic self-adjoint operator with respect to the volume form ef
ωn0
n!
. The E-valued
(p, q)f−harmonic form α is defined to be fα = 0, and
Hp,qf (X) = {α ∈ Ap,q(X0, E)
∣∣fα = 0}.
On a Fano manifold, we know the deformation equation (2.1.1) can be solved
under the Kuranishi gauge. In fact, applying the method in the proof of proposition
5, we can adjust the Kuranishi gauge by finding a diffeomorphism σ : X → X, such
that ψ = ϕ ◦ σ solves ∂∗fψ = 0.
Proposition 6. Let (X0, ω0) be a compact Fano Ka¨hler manifold. Suppose there is
δ  1 such that ϕ(t) solves equation (2.1.1) with ||ϕ(t)||k < δ, for t ∈ B. Then there
exists a vector field ξ in the L2f orthogonal complement of H0f (X0, T 1,0X0), such that
σξ : X0 → X0 is a diffeomorphism of X0 generated by ξ, and ψ = ϕ ◦σξ satisfies the
following equations ∂ψ = 12 [ψ(t), ψ(t)]∂∗fψ = 0. (2.1.2)
Proof. For a diffeomorphism σ : X0 → X0, if σ and dσ are close to the identity map,
and if ||ϕ||k < δ, then ϕ ◦ σ also determines a complex structure ψ on X0.
Take a vector field ξ in the L2f orhtogonal complement of H0f (X0, T 1,0X0), and
consider the geodesic z(t) = (z1(t), . . . , zn(t)) starting from z0 with initial velocity ξ
where zα(t) = zα(t, z0, ξ). Let σα(z0, ξ) = zα(1, z0, ξ), and we define the diffeomor-
phism σξ : zα → σα(z, ξ). Then by Taylor expansion of σξ, by (1.3.9) we get
ψ = ∂ξ + ϕ+R(ξ, ϕ),
where R(ξ, ϕ) smoothly depends on ξ, ϕ and their derivatives. By the equation
∂
∗
fψ = 0, we let Gf be the Green operator associated to the f -Laplacian f , then
we see ξ satisfies
ξ +Gf∂
∗
fϕ+Gf∂
∗
fR(ξ, ϕ) = 0. (2.1.3)
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Notice that ∂
∗
ϕ = 0, so the above equation reads as
ξ −Gf∇fyϕ+Gf∂∗fR(ξ, ϕ) = 0. (2.1.4)
Define an operator F from a neighborhood where R(ξ, ϕ) is defined to the L2f
orthogonal complement of H0f (X0, T 1,0X0) by F (ξ, ϕ) = ξ−Gf∇fyϕ+Gf∂
∗
fR. Then
∂F
∂ξ
∣∣
(0,0)
= Id, by the implicit function theorem, such a ξ to equation (2.1.4) exists.
Moreover, ξ also satisfies
fξ −∇fyϕ+ ∂∗fR(ξ, ϕ) = 0, (2.1.5)
which is a second order elliptic equation, so ξ is of class C∞.
With such a vector field ξ, the new complex structure ψ = ϕ ◦ σξ satisfies
∂
∗
fψ = 0.
Remark 5. On a Fano Ka¨hler manifold, we refer to the condition ∂
∗
fψ = 0 as the
f−Kuranishi gauge.
Now, we introduce the divergence gauge and the f−divergence gauge. The
divergence gauge was introduced by X. Sun in his paper [15], where he studied
the complex deformation of Ka¨hler-Einstein manifolds of general type. Later, in
the paper [16], Sun and Yau also used it to study the complex deformation of the
Calabi-Yau manifolds. In the following, we use the notation ∂i =
∂
∂zi
and we use
Einstein convention from now on i.e. repeated indices mean taking the sum of them.
Definition 2.1.3. Let (L, h)→ (X0, ω0) be a Hermitian line bundle over a complex
manifold. The divergence operator is
div = Tr ◦ ∇ : A0,1(X0, T 1,0X0 ⊗ L)→ A0,1(X0, L)
Locally, if (z1 . . . , zn) are local holomorphic coordinates on X0 and e is a holomorphic
frame of L, for η = ηi
j
dzj ⊗ ∂∂zi ⊗ e ∈ A0,1(X0, T 1,0X0 ⊗ L),
divη = (∂iη
i
j
+ ηi
j
∂i log(g0h))dzj ⊗ e,
where g0 is the determinant of the metric on X0.
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Definition 2.1.4 (X. Sun[15]). For ϕ ∈ A0,1(X0, T 1,0X0), divϕ = 0 is called the
divergence gauge.
If the underlying manifold is a compact Fano Ka¨hler manifold with the volume
density ef ω
n
n!
, we can also define divf .
Definition 2.1.5. For η = ηi
j
dzj ⊗ ∂∂zi ⊗ e ∈ A0,1(X0, T 1,0X0 ⊗ L),
divfη = (∂iη
i
j
+ ηi
j
∂i log(g0he
f ))dzj ⊗ e;
and for ϕ ∈ A0,1(X0, T 1,0X0), divfϕ = 0 is called the f−divergence gauge.
Remark 6. (1.) divfϕ = divϕ+ ϕy∂f .
(2.) In terms of local holomorphic coordinates (z1, . . . zn) on X0, for ωg =
√−1
2
gijdz
i∧
dzj, ϕ = ϕp
j
dzj ⊗ ∂
∂zp
, we have
∂
∗
fϕ = [−(∂lϕpj)glj + ϕlj∂lgpj − ϕ
p
j
glj∂lf ]
∂
∂zp
= [−∂l(ϕpjgpi)gljgki − ϕkj glj∂lf ]
∂
∂zk
,
(2.1.6)
and
divfϕ = (∂pϕ
p
j
+ ϕp
j
∂p log g + ϕ
p
j
∂pf)dz
j
= [∂k(ϕ
p
j
gpl)g
kl + ϕp
j
∂pf ]dz
j.
(2.1.7)
Next, we will show that on a compact Fano Ka¨hler manifold with volume den-
sity ef ω
n
n!
, the f−Kuranishi gauge is equivalent to the f−divergence gauge. Con-
sequently, under either one of these gauges, the deformation equation of complex
structures can be solved, and we still have the analytic family of compact Fano
Ka¨hler manifolds.
Firstly, we show the f−divergence gauge implies the f−Kuranishi gauge.
Lemma 2.1.2. If (X0, ω0) is a Fano Ka¨hler manifold with volume density e
f ωn
n!
, for
ϕ ∈ A0,1(X0, T 1,0X0), we have
(1.) ∂divfϕ = divf (∂ϕ)− 2
√−1ϕyω0
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(2.) 1
2
divf [ϕ, ϕ] = ϕy∂(divfϕ).
Proof. For the first identity, let ω0 =
√−1
2
gijdz
i ∧ dzj and let ϕ = ϕi
j
dzj ⊗ ∂
∂zi
. Then
divfϕ = (∂iϕ
i
j
+ ϕi
j
∂i(log g + f))dz
j. And
∂(divfϕ) = (∂l∂iϕ
i
j
+ ∂lϕ
i
j
∂i(log g + f) + ϕ
i
j
∂l∂i(log g + f))dz
l ∧ dzj
= (∂i(∂lϕ
i
j
) + (∂lϕ
i
j
)∂i(log g + f)− ϕij(Ril − fil))dzl ∧ dzj
= (∂i(∂lϕ
i
j
) + (∂lϕ
i
j
)∂i(log g + f)− ϕijgil)dzl ∧ dzj
= divf (∂ϕ)− 2
√−1ϕyω0.
(2.1.8)
From the second step to the third step, we use the equation Rij − fij = gij.
For the second equation, we note
1
2
[ϕ, ϕ] = ϕl
k
∂lϕ
i
j
dzk ∧ dzj ⊗ ∂
∂zi
,
so
1
2
divf [ϕ, ϕ] = [∂i(ϕ
l
k
∂lϕ
i
j
) + ϕl
k
∂lϕ
i
j
∂i(log g + f)]dz
k ∧ dzj
= [(∂iϕ
l
k
)(∂lϕ
i
j
) + ϕl
k
∂i∂lϕ
i
j
+ ϕl
k
∂lϕ
i
j
∂i(log g + f)]dz
k ∧ dzj
= ϕl
k
(∂i∂lϕ
i
j
+ ∂lϕ
i
j
∂i(log g + f))dz
k ∧ dzj
= ϕy∂(divfϕ).
(2.1.9)
Based on lemma 2.1.2, we can prove the f−divergence gauge implies the f−Kuranishi
gauge.
Proposition 7. Let (X0, ω0) be a compact Fano Ka¨hler manifold with volume den-
sity ef ω
n
n!
. Let ϕ be the Beltrami differential satisfying ∂ϕ = 1
2
[ϕ, ϕ] and divfϕ = 0.
Then ϕyω0 = 0 and ∂
∗
fϕ = 0.
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Proof.
0 = ∂(divfϕ)
= divf (∂ϕ)− 2
√−1ϕyω0
=
1
2
divf [ϕ, ϕ]− 2
√−1ϕyω0
= ϕy∂(divfϕ)− 2
√−1ϕyω0
= −2√−1ϕyω0.
(2.1.10)
Thus, ϕyω0 = 0, i.e, ϕpjgpl = ϕ
p
l
gpj.
Moreover, for ϕ = ϕi
j
dzj ⊗ ∂
∂zi
∂
∗
fϕ =− gkj∇kϕij − ϕy∇f
=∇k(gkjϕij)− ϕy∇f
=−∇k(gijϕkj )− ϕy∇f
= −gij[∇kϕkj + ϕy∂f] = 0,
(2.1.11)
which leads to ∂
∗
fϕ = 0.
Remark 7. Under the symmetry ϕyω0 = 0, we have divfϕ = 2
√−1∂∗fϕyω0.
Before we show the Kuranishi gauge implies the divergence gauge, we need the
following lemmas.
Lemma 2.1.3. Let (X0, ω0) be a compact Ka¨hler manifold.
(1) If ϕ ∈ A0,1(X0, T 1,0X0), ψ ∈ A1,1(X0), then
∂(ϕyψ) = ∂ϕyψ + ϕy∂ψ.
(2) If ϕ ∈ A0,1(X0, T 1,0X0), ∂∗fϕ = 0, then
∂
∗
f (ϕyω0) =
√−1
2
divfϕ.
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(3) If ∂(ϕyω0) = 0, ∂
∗
fϕ = 0, then
f (ϕyω0) =
√−1
2
divf (∂ϕ) + ϕy(Ric(ω0)−∇∇f),
where f = ∂∂
∗
f + ∂
∗
f∂ is the f -Hodge Laplacian.
(4) For ϕ, ψ ∈ A0,1(X0, T 1,0X0), we have
[ϕ, ψ]yω0 = ϕy∂(ψyω0) + ψy∂(ϕyω0).
Proof. (1) Let ϕ = ϕi
j
dzj ⊗ ∂
∂zi
, ψ = ψkldz
k ∧ dzl. Then
ϕyψ = ϕi
j
ψildz
j ∧ dzl,
and
∂(ϕyψ) =
[
∂pϕ
i
j
ψil + ϕ
i
j
∂pψil
]
dzp ∧ dzj ∧ dzl = ∂ϕyψ + ϕy∂ψ.
(2) We adopt the convention of the wedge product as η ∧ γ = 1√
2
(η ⊗ γ − γ ⊗ η),
then
∂
∗
f (ϕyω0) =
√−1
2
{
∂l[(ϕ
m
p gmj − ϕmj gmp)gkp]gljgki + (ϕmp gmj − ϕmj gmp)glp∂lf
}
dzi
=
√−1
2
{
∂l(ϕ
m
i
gmj − ϕmj gmi)glj + (ϕmp gmj − ϕmj gmp)∂lgkpgljgki
+ (ϕmp gmj − ϕmj gmp)glp∂lf
}
dzi
=
√−1
2
{
∂l(ϕ
m
i
gmj)g
lj + ϕm
i
∂mf − ∂l(ϕmj gmi)glj − ϕmj gmiglj∂lf
+ ϕmp ∂mg
kpgki + ϕ
m
j
∂lgmpg
kpgljgki
}
dzi
=
√−1
2
divfϕ,
(2.1.12)
where the last equality comes from ∂
∗
fϕ = 0.
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(3)
f (ϕyω0) = (∂∂
∗
f + ∂
∗
f∂)(ϕyω0)
= ∂∂
∗
f (ϕyω0) = ∂(
√−1
2
divfϕ)
=
√−1
2
∂[(∂iϕ
i
j
+ ϕi
j
∂i log g + ϕ
i
j
∂if)dz
i]
=
√−1
2
[∂k(∂iϕ
i
j
) + (∂kϕ
i
j
)∂i(log g + f) + ϕ
i
j
(∂k∂i log g + ∂k∂if)]dz
k ∧ dzj
=
√−1
2
divf (∂ϕ) + ϕy(Ric(ω0)−∇∇f).
(2.1.13)
(4) Let ϕ = ϕi
j
dzj ⊗ ∂j, ψ = ψkl dzl ⊗ ∂k, ω0 =
√−1
2
gstdz
s ∧ dzt, then
[ϕ, ψ] = [ϕi
j
∂i(ψ
k
l
) + ψi
j
∂i(ϕ
k
l
)]dzj ∧ dzl ⊗ ∂k (2.1.14)
So,
[ϕ, ψ]yω0 =
√−1
2
[ϕi
j
∂i(ψ
k
l
) + ψi
j
∂i(ϕ
k
l
)]gktdz
j ∧ dzl ∧ dzt
=
√−1
2
[ϕi
j
∂i(ψ
k
l
)gkt + ϕ
i
j
ψk
l
∂i(gkt) + ψ
i
j
∂i(ϕ
k
l
gkt) + ψ
i
j
ϕk
l
∂i(gkt)]dz
j ∧ dzl ∧ dzt
= ϕy∂(ψyω0) + ψy∂(ϕyω0).
(2.1.15)
Lemma 2.1.4. Let (X0, ω0) be a compact Fano manifold. If µ ∈ A0,2(X0) satisfies
∂µ = 0 and fµ = µ, then µ = 0.
Proof. Let µ = µijdz
i∧dzj. Then the norm of µ is |µ|2 = µijµkl(gkiglj− gkjgil). Let
the twisted Hodge Laplacian be f = −∂ ◦ i∇f − i∇f ◦∂ and the (1, 0) connection
Laplacian ∆f = ∆ + ∇fy∂. Since ∂µ = 0, the twisted Weitzenbo¨ck formula for
(0, 2)-form µ reads as:
fµ+ ∆fµ = Ric ◦ µ+ µ ◦Ric− (∇∇f ◦ µ+ µ ◦ ∇∇f)
= ω0 ◦ µ+ µ ◦ ω0.
(2.1.16)
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By fµ = µ, we have
∆fµ = −µ+ ω0 ◦ µ+ µ ◦ ω0. (2.1.17)
We also have
−
∫
X
|∇µ|2efdV =
∫
X
< ∆fµ, µ > e
fdV
=
∫
X
< −µ+ ω0 ◦ µ+ µ ◦ ω0, µ > efdV
=
∫
X
|µ|2efdV.
(2.1.18)
Hence µ = 0.
In particular, on a Fano Ka¨hler-Einstein manifold, we also have the following
vanishing result.
Corollary 2.1.1. On a compact Fano Ka¨hler-Einstein manifold (X0, ω0), if µ ∈
A0,2(X0) satisfies µ = µ, then µ = 0.
Proof. For the (0, 2) form µ = µkldz
k ∧ dzl, by the Weitzenbo¨ck identity and the
Ka¨hler-Einstein condition,
µ+ ∆µ =
∑
i
R(ei, ei)µ
=
∑
i,p
−Rp
iik
µpl −Rpiilµkpdzk ∧ dzl
=
∑
p,k,l
(Rpkµpl +Rplµkp)dz
k ∧ dzl
=
∑
p,k,l
(gpkµpl + gplµkp)dz
k ∧ dzl.
(2.1.19)
Therefore,
|µ|2+ < ∆µ, µ >= < µ+ ∆µ, µ >
=(gpkµpl + gplµkp)µstg
skgtl = 2|µ|2.
(2.1.20)
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and
−
∫
X0
|∇µ|2 =
∫
X0
< ∆µ, µ >=
∫
X0
|µ|2 (2.1.21)
we conclude that µ = 0.
In the following computation, for the sake of simplifying notations, we assume
B ⊂ C. For the case of B ⊂ Ck, the computation can be carried out similarly.
Next, we will use induction to show that the f−Kuranishi gauge implies f−Divergence
gauge.
Proposition 8. Let (X0, ω0) be a compact Fano Ka¨hler manifold, ϕ(t) =
∑
i=1
tiϕi ∈
A0,1(X0, T
1,0X0) is a family of Beltrami differentials satisfying∂ϕi = 12
∑i
j=1[ϕj, ϕi−j]
∂
∗
fϕi = 0
(2.1.22)
for all i ≥ 2, and ϕ1 is harmonic with respect to f -Laplacian. Then divfϕi = 0
and ϕiyω0 = 0 for all i ≥ 1.
Proof. When i = 1, fϕ1 = 0 implies ∂ϕ1 = 0, and ∂
∗
fϕ1 = 0.
By Lemma 2.1.3, ∂(ϕ1yω0) = ∂ϕ1yω0 + ϕ1y∂ω0 = 0, and
f (ϕ1yω0) =
√−1
2
divf(∂ϕ1) + ϕ1y(Ric(ω0)−∇∇f) = ϕ1yω0.
By Lemma 2.1.4, ϕ1yω0 = 0, locally, ϕijgil = ϕ
i
l
gij.
Hence,
divfϕ = 2
√−1∂∗fϕyω0 = 0. (2.1.23)
Now assume for k ≤ i− 1, we have ϕkyω0 = 0 and divfϕk = 0.
Then,
∂(ϕiyω0) = ∂ϕiyω0
=
1
2
i−1∑
j=1
[ϕj, ϕi−j]yω0
=
i−1∑
j=1
ϕjy∂(ϕi−jyω0)
= 0.
(2.1.24)
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Therefore, we get
f (ϕiyω0) =
√−1
2
div(∂ϕi) + ϕiy(Ric(ω0)−∇∇f)
=
√−1
4
div(
i−1∑
j=1
[ϕj, ϕi−j]) + ϕiyω0
=
√−1
2
i−1∑
j=1
ϕi−jy∂(divϕi) + ϕiyω0
= ϕiyω0.
(2.1.25)
By Lemma 2.1.4, ϕiyω0 = 0 and divfϕi = 2
√−1∂∗fϕiyω0 = 0.
By proposition 7 and 8, we have proved
Theorem 2.1.1. On a compact Fano Ka¨hler manifold (X0, ω0), if the Beltrami
differential ϕ ∈ A0,1(X0, T 1,0X0) satisfies ∂ϕ = 12 [ϕ, ϕ], then
∂
∗
fϕ = 0 is equivalent to divfϕ = 0.
Furthermore, ϕyω0 = 0 when either one of these conditions is imposed.
On a Fano Ka¨hler-Einstein manifold, we simply take f = 0 to obtain
Corollary 2.1.2. On a Fano Ka¨hler-Einstein manifolds (X0, ω0), if the Beltrami
differential ϕ ∈ A0,1(X0, T 1,0X0) satisfies ∂ϕ = 12 [ϕ, ϕ] then
∂
∗
ϕ = 0 is equivalent to divϕ = 0.
Furthermore, ϕyω0 = 0 when either one of these conditions is imposed.
Remark 8. In the paper [13], G. Schumacher used the method of harmonic lift
to obtain ϕ1yω0 = 0 on the Ka¨hler-Einstein manifold. We point out that in the
paper [14], Siu gave the proof of the existence of harmonic lifting vector fields on
the total space of the family of the Ka¨hler-Einstein manifolds of general types. Siu’s
harmonic lift method has the following properties: Let pi : X → B be an analytic
family of complex manifolds. Take a local holomorphic coordinate (t1, · · · , tn) at a
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regular point t ∈ B, and let (z1, · · · , zn) be holomorphic coordinates on Xt = pi−1(t).
For the holomorphic vector fields { ∂
∂z1
, · · · , ∂
∂zn
}, there exist vector fields on the total
space {v1, · · · , vn}, such that
1. pi(vi) =
∂
∂ti
.
2. ∂tvi is harmonic respectively on the fiber manifold.
Having a harmonic lift is the same as having a canonical smooth trivialization on
the total space of the family of deformation manifolds.
2.2 Deformation of the volume form and the Ka¨hler-
Einstein form
In this section, we will study the (infinitesimal) deformation of Ka¨hler-Einstein
metrics and its volume form under the deformation of the complex structures on
the Fano Ka¨hler-Einstein manifold (X0, ω0). Our main result is
Theorem 2.2.1. Let pi : X → B = {t ∈ C : |t| < ε} be an analytic family of Fano
Ka¨hler-Einstein manifolds. Suppose H0(X0,O(T 1,0X0)) = 0. Then the volume form
on the nearby fiber Xt = pi
−1(t) is given by
dVt =
[
1− |t|2∆((∆ + 1)−1|ϕ1|2) +O(|t|3)
]
dV0,
and the deformed Ka¨hler form is
ωt = ω0 − |t|2
(√−1
2
∂∂(∆ + 1)−1|ϕ1|2
)
+O(|t|3),
where ∆ is the Beltrami-Laplacian on X0, ∂, ∂ are operators on X0, where ϕ1 =
H(ϕ) ∈ H0,1(X0, T 1,0X0). The Beltrami differential ϕ satisfies
∂ϕ = 1
2
[ϕ, ϕ]
divϕ = 0
ϕ(0) = 0.
(2.2.1)
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According to Futaki’s result, on a Fano Ka¨hler manifold, the space of holomor-
phic vector fields is isomorphic to the 1-eigenspace of the twisted Laplacian. This
is precisely stated as follows.
Proposition 9. (Futaki [7]) Let (X0, ω0) be a Fano Ka¨hler manifold, such that
Rij = gij +∇i∇jf . Let ∆fu = ∆u+∇∇fu. Let T1 = {u ∈ C∞(X0)|∆fu+ u = 0},
T2 = H
0(X0,O(T 1,0X0)). Then T1 ∼= T2.
For completeness, we include the proof here.
Proof. For all u ∈ T1,∫
X0
|∇∇u|2efdV =
∫
X
(∇j∇iu∇j∇iu)efdV
= −
∫
X0
∇iu∇j(∇j∇iuef )dV
= −
∫
X0
∇iu(∇j∇j∇iu+∇j∇iu∇jf)efdV
= −
∫
X0
∇ju(∇i∇j∇ju+Rji∇ju+∇j∇iu∇jf)efdV
= −
∫
X0
∇ju
(∇i∇j∇ju+ (gji +∇j∇if)∇ju+∇j∇iu∇jf)efdV
= −
∫
X0
[
(∆fu)iui + |∇u|2
]
efdV
= −
∫
X0
(−|∇u|2 + |∇u|2)efdV = 0.
(2.2.2)
Therefore, ∇u is a holomorphic vector field; i.e. ∇u ∈ T2. And ∇ : T1 → T2 is a
well-defined operator.
Conversely, let W ∈ T2. Locally, W = W i ∂∂zi . W is holomorphic; i.e. ∇jW i = 0
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for all j = 1, · · · , n, divW = ∇iWi and divfW = divW + Wi∇if.
∆f (divfW) =∆(divW + W
i∇if)+ < ∇f,∇(divW + Wi∇if) >
=∆(∇iW i +W i∇if) +∇jf∇j(∇iW i +W i∇if)
=∇j∇j∇iW i +∇j∇j(W i∇if) +∇jf∇j∇iW i +∇jf∇j(W i∇if)
=∇j(∇i∇jW i −RijW i) +W i∇j∇j∇if +∇jW i∇j∇if
+∇jf(∇i∇jW i −RijW i) +∇jf∇j∇ifW i
=−∇j
[
(gij +∇j∇if)W i
]
+W i∇j∇j∇if +∇jW i∇j∇if
−∇jf
[
(gij +∇j∇if)W i
]
+∇jf∇j∇ifW i
=−∇iW i −W i∇if
=− divfW.
(2.2.3)
Hence, div : T2 → T1 is a well-defined operator.
Now, suppose W = W i ∂
∂zi
is a holomorphic vector field. Then ∇kW i = 0 for
k = 1, · · · , n.
∇kdivfW = ∇k(∇iW i +W i∇if)
= ∇k∇iW i +W i∇k∇if
= −RikW i +W i∇k∇if = −gikW i.
(2.2.4)
We conclude ∇div is injective.
On the other hand, if u satisfies ∆fu+ u = 0, then
divf (∇u) = ∂iui + ui∂i log det g + ui∂if = ∆fu = −f.
So divf∇ is also injective.
Therefore, T1 ∼= T2.
Taking f = 0, and the above argument gives
Corollary 2.2.1. Let (X0, ω0) be a Fano Ka¨hler-Einstein manifold, let T1 = {u ∈
C∞(X0)|∆u+ u = 0}, and T2 = H0(X0, T 1,0X0). Then T1 ∼= T2.
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By this corollary, we know if there are no holomorphic vector fields on the Fano
Ka¨hler-Einstein manifold, then the operator ∆ + 1 is invertible.
Next we give the proof of the main result of this section.
Proof. (of Theorem 2.2.1)
Let (z1, · · · , zn) be local holomorphic coordinates on the central fiber (X0, ω0).
Then
Ω1,0(X0) = span{dz1, · · · , dzn}.
Let {e1, · · · , en} be local holomorphic frames on (Xt, ωt) obtained by the defor-
mation of complex structure. Then by the Kodaira-Spencer’s theory, ei = dzi+ϕi
j
dzj
and
Ω1,0(Xt) = span{e1, · · · , en}.
Let (w1, · · · , wn) be local holomorphic coordinates on (Xt, ωt). Then
dwα =
∂wα
∂zi
dzi +
∂wα
∂zi
dzi
=
∂wα
∂zi
dzi + ϕj
i
∂wα
∂zj
dzi
=
∂wα
∂zi
(dzi + ϕi
j
dzj) =
∂wα
∂zi
ei.
(2.2.5)
Let A = (aαi)n×n = (∂wα∂zi )n×n, |A| = detA, cn = (−1)
n(n−1)
2 (
√−1
2
)n, and if g0 is
the Ka¨hler metric on the central fiber X0. Then
dV0 = cn det g0dz
1 ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ dzn (2.2.6)
Let
dV˜t = cn det g0e
1 ∧ · · · ∧ en ∧ e1 ∧ · · · ∧ en
= det(I − ϕϕ)dV0.
(2.2.7)
There is a unique function f = f(z, z, t, t) ∈ C∞(X0 × B) with f(z, z, 0) = 0 such
that the volume form on the deformed manifold Xt is given by
dVt = e
fdV˜t = e
f det(I − ϕϕ)dV0
= cne
f det g0|A|−2dw1 ∧ · · · ∧ dwn ∧ dw1 · · · ∧ dwn
= cn det gtdw
1 ∧ · · · ∧ dwn ∧ dw1 · · · ∧ dwn,
(2.2.8)
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where gt is the Ka¨hler metric on the deformed manifold Xt. Hence,
detgt = e
f det g0|A|−2. (2.2.9)
On the other hand, as we can see, all terms related to t in the deformed volume form
are contained in ef det(I − ϕϕ). The expansion of ϕ about t comes from the power
series solution to the deformation equation of the complex structure. To figure out
the expansion of ef about t, we study the deformed Monge− Ampe`re equation:
(− ∂
2
∂wα∂wβ
log dVt)
n = dVt. (2.2.10)
Since
∂
∂wα
=
∂zi
∂wα
∂
∂zi
+
∂zi
∂wα
∂
∂zi
, (2.2.11)
and (
∂zi
∂wα
∂zi
∂wα
∂zi
∂wα
∂zi
∂wα
)
=
(
∂wα
∂zi
∂wα
∂zi
∂wα
∂zi
∂wα
∂zi
)−1
.
So, ∂zi
∂wα
= (∂wα
∂zj
)−1(I − ϕϕ)ij, and ∂zi
∂wα
= −(∂wα
∂zj
)−1(I − ϕϕ)kjϕi
k
. We get
∂
∂wα
= (
∂wα
∂zj
)−1(I − ϕϕ)ij( ∂
∂zi
− ϕk
i
∂
∂zk
). (2.2.12)
Now, let aiα =
∂wα
∂zi
, biα = (∂wα
∂zi
)−1, we define the operator
T = Tt : C
∞(X0)→ A1,0(X0)
by T (f) = ∂f − ϕ(t)y∂f . Locally, T is given by T (f) =
n∑
i=1
Ti(f)dz
i and Tif =
∂if − ϕji∂jf .
From (2.2.9),
log det gt = f + log g0 − logA− logA.
Using divϕ = 0, we compute,
Ti logA = b
iα(I − ϕϕ)il∂jalα + ϕkiϕlk∂l log g0. (2.2.13)
And
Ti logA = −ϕki ∂k log g0. (2.2.14)
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Then
∂
∂wα
log det gt =
∂zi
∂wα
Ti(f +log g0)− bjαbkα∂jakα− ∂zi
∂wα
[
ϕk
i
ϕl
k
∂l log g0−ϕki ∂k log g0
]
.
(2.2.15)
Now, we compute
∂
∂wβ
( ∂
∂wα
log det gt
)
=
∂zp
∂wβ
Tp
{
∂zi
∂wα
Ti(f+log g0)−bjαbkα∂jakα− ∂zi
∂wα
[
ϕk
i
ϕl
k
∂l log g0−ϕki ∂k log g0
]}
(2.2.16)
Firstly, using Ka¨hler-Einstein condition, we obtain
Tp
( ∂zi
∂wα
Ti(f + log g0)
)
=Tp(b
jα)(I − ϕϕ)ijTi(f) + bjαTp(I − ϕϕ)ijTi(f)
+ bjα(I − ϕϕ)ij[−gip − ϕqpϕki gqk + TpTif ].
(2.2.17)
Secondly,
Tp(b
kαbjα∂jakα) = 0. (2.2.18)
Thirdly,
Tp
[ ∂zi
∂wα
(ϕk
i
ϕl
k
∂l log g0 − ϕki ∂k log g0)
]
= − ∂zi
∂wα
[
ϕk
i
ϕl
k
glp + ϕ
q
pϕ
k
i
ggk
]
. (2.2.19)
Finally, we obtain
− ∂
2
∂wα∂wβ
log det gt =
∂zp
∂wβ
bjα
[
gjp + ∂j(ϕ
k
p)(I − ϕϕ)ikTi(f)− Tp[(I − ϕϕ)ijTi(f)]
]
.
(2.2.20)
We define a local matrix B = (Bjp)n×n to be
Bjp = gjp + (∂jϕ
k
p)(I − ϕϕ)ikTi(f)− Tp[(I − ϕϕ)ijTi(f)]. (2.2.21)
Then the deformed Monge− Ampe`re equation can be written as
detBjp = e
f det g0 det(I − ϕϕ) (2.2.22)
Notice that Bjp(0) = gjp, f(0) = 0, and ϕ(0) = 0, so
∂Bjp
∂t
∣∣
t=0
= −∂j∂p
(∂f
∂t
∣∣
t=0
)
. (2.2.23)
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By equation (2.2.22),
(∆ + 1)
(∂f
∂t
∣∣
t=0
)
= 0. (2.2.24)
By corollary 2.2.1, the operator ∆ + 1 has trivial kernel, which yields ∂f
∂t
|t=0 = 0.
Similarly, ∂f
∂t
∣∣
t=0
= 0, and all the first order terms vanish.
For the second order, first we have
∂2Bjp
∂t2
∣∣
t=0
= −∂j∂p
(∂2f
∂t2
∣∣
t=0
)
, (2.2.25)
and
(∆ + 1)
(∂2f
∂t2
∣∣
t=0
)
= 0. (2.2.26)
Hence, ∂
2f
∂t2
|t=0 = 0. Similarly, ∂2f
∂t
2 |t=0 = 0.
For the mixed derivative term, we have
∂Bjp
∂t∂t
∣∣
t=0
= −∂j∂p
( ∂f
∂t∂t
∣∣
t=0
)
, (2.2.27)
and
(∆ + 1)
( ∂2f
∂t∂t
∣∣
t=0
)
=
∂ϕ
∂t
∣∣
t=0
∂ϕ
∂t
∣∣
t=0
= |ϕ1|2. (2.2.28)
∆ + 1 is invertible, so
∂2f
∂t∂t
∣∣
t=0
= (∆ + 1)−1|ϕ1|2. (2.2.29)
Up to the second order, we obtain the expansion for f :
f = |t|2(∆ + 1)−1|ϕ1|2 +O(|t|3), (2.2.30)
and
ef = 1 + |t|2(∆ + 1)−1|ϕ1|2 +O(|t|3). (2.2.31)
On the other hand, by the deformation equation of the complex structures,
det(I − ϕϕ) = 1− |t|2|ϕ1|2 +O(|t|3). (2.2.32)
Hence, the expansion of the volume form can be written as (up to the second order),
dVt = (1− |t|2∆(∆ + 1)−1|ϕ1|2 +O(|t|3))dV0. (2.2.33)
36
Finally, we calculate the Taylor expansion of the Ka¨hler form.
ωt = Ric(ωt) = −
√−1
2
∂t∂t log dVt
= −
√−1
2
∂2
∂wα∂wβ
(f + log det(I − ϕϕ) + log det g0)dwα ∧ dwβ.
(2.2.34)
Using the above Taylor expansion of f and det(I − ϕϕ) anddwα = ∂wα∂zi (dzi + ϕijdzj)∂
∂wα
= ∂zi
∂wα
Ti = (
∂wα
∂zi
)−1(I − ϕϕ)ik( ∂
∂zi
− ϕj
i
∂
∂zj
),
(2.2.35)
we obtain
ωt = ω0 − |t|2(
√−1
2
∂∂(∆ + 1)−1|ϕ1|2) +O(|t|3). (2.2.36)
Where ∆, ∂, ∂ are operators on the central fiber (X0, ω0).
2.3 Deformation of plurianticanonical sections
We assume that the analytic family of Fano Ka¨hler-Einstein manifolds is given by
pi : X → B ⊂ C, and σ : K−1X /B → X is the relative anticanonical line bundle on
the total space. For any t ∈ B, K−1X /B|t ∼= K−1Xt . For each m ≥ 1, the direct image
sheaf is R0pi∗(K−mX /B) → B. Let E =
⋃
t∈B
Et × {t}, where Et = H0(Xt, K−mXt ). It is
well-known that R0pi∗(K−mX /B) is isomorphic to E.
In this section, our goal is to establish an L2-metric on R0pi∗(K−mX /B). But, first of
all, we will study the holomorphic sections of K−mXt → Xt in terms of the deformation
of the complex structure.
On the central fiber pi−1(0) = (X0, ω0) of an analytic family of Fano Ka¨hler-
Einstein manifolds pi : X → B, let (z1, · · · , zn) be local holomorphic coordinates.
Then locally Ω1,0(X0) = span{dz1, · · · , dzn} and T 1,0X0 = span{ ∂∂z1 , · · · , ∂∂zn}. By
the deformation theory, Ω1,0(Xt) = span{e1, · · · , en} where ei = dzi + ϕijdzj, and
T 1,0Xt = span{e1, · · · , en} where ei = (I − ϕϕ)ki( ∂∂zk − ϕlk ∂∂zl ). Furthermore, if
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(w1, · · · , wn) are local holomorphic coordinates on Xt, by the formula (2.2.5) and
(2.2.12) ,dwα = ∂wα∂zi (dzi + ϕijdzj) = ∂wα∂zi ei∂
∂wα
= ∂zi
∂wα
Ti = (
∂wα
∂zi
)−1(I − ϕϕ)ik(∂i − ϕji∂j) = (∂wα∂zi )−1ei.
(2.3.1)
Let s ∈ A0(X0, K−mX0 ) be a smooth section of the plurianticanonical line bundle
on the central manifold; locally, s = η(z)( ∂
∂z1
∧ · · · ∂
∂zn
)m. Let the deformed section
on K−mXt be given by s(t) = η(z)(e1 ∧ · · · ∧ en)m = η(z)|A|m( ∂∂w1 ∧ · · · ∧ ∂∂wn )m where
|A| = det(∂wα
∂zi
).
Lemma 2.3.1. Choosing the divergence gauge, i.e. divϕ = 0 for ϕ ∈ A0,1(X0, T 1,0X0),
we have s(t) ∈ H0(Xt, K−mXt ) if and only if
∂s = ϕy∇s. (2.3.2)
Here, ∇ is the connection on K−mX0 → X0 and ∂ is the operator on the central fiber
(X0, ω0).
Proof. Let ∂t =
∂
∂wα
⊗ dwα. Then s(t) ∈ H0(Xt, K−mXt ) if and only if ∂ts(t) = 0 i.e.
∂zi
∂wα
Tis(t) = 0. If
∂zi
∂wα
Tis(t) = 0, then
0 = Tis(t) = (∂i − ϕji∂j)s(t) = (∂i − ϕ
j
i
∂j)
[
η(z)|A|m]
= (∂iη(z)− ϕji∂jη(z))|A|m + η(z)
[
m|A|m∂i log |A| −m|A|mϕji∂j log |A|
]
.
(2.3.3)
Because of divϕ = 0, we have
0 = (∂iη(z)− ϕji∂jη(z)) +mη(z)[bkα∂iaαk − bkαϕ
j
i
∂jaαk]
= (∂iη(z)− ϕji∂jη(z)) +mη(z)[bkα∂k(ϕ
j
i
aαj)− bkαϕji∂jaαk]
= (∂iη(z)− ϕji∂jη(z)) +mη(z)∂jϕ
j
i
= ∂iη(z)− ϕji∂jη(z)− η(z)ϕ
j
i
∂j log g
m
0
= ∂iη(z)− ϕji∇js.
(2.3.4)
Hence, ∂s−ϕy∇s = 0. Conversely, if we trace back the above identities, we can see
that ∂s− ϕy∇s = 0 implies ∂ts(t) = 0.
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Equation (2.3.2) is the obstruction equation of deformations of holomorphic sec-
tions. Next, we will show equation (2.3.2) is solvable based on Hodge theory.
Lemma 2.3.2. Let (X,ωg) be a compact Hermitian manifold. For α ∈ Ap,q(X),
β ∈ Ap,q+1(X), ∂α = β is solvable if and only if ∂β = 0 and H(β) = 0.
Proof. If ∂α = β, then ∂β = ∂
2
α = 0 and H(β) = H∂α = 0.
Conversely, by Hodge decomposition, if Hβ = 0 and ∂β = 0, we have
β = Hβ + ∂∂∗Gβ + ∂∗∂Gβ = ∂∂∗Gβ, (2.3.5)
and α = ∂
∗
Gβ is such a solution.
Lemma 2.3.3. If (X0, ω0) is a Fano manifold, then for ϕ ∈ A0,1(X0, T 1,0X0) and
s ∈ A0(X0, K−mX0 ), we have H(ϕy∇s) = 0
Proof. (X0, ω0) is Fano, so K
−m
X0
→ X0 is ample. By the Kodaira vanishing theorem,
Hq(X0, K
−m
X0
) = Hq(X0, K
−m−1
X0
⊗KX0) = 0 (2.3.6)
for all q ≥ 1. This yields to H(ϕy∇s) = 0.
Next, we will show ∂(ϕy∇s) = 0 by the iteration method. First, we have
Lemma 2.3.4. On a Ka¨hler manifold (X0, ω0), for ϕ ∈ A0,1(X0, T 1,0X0) and s ∈
A0(X0, K
−m
X0
), we have
(1) ∂(ϕy∇s) = ∂ϕy∇s+ ϕy∂(∇s).
(2) ∂(∇s) = −∇(∂s)− 2√−1 mRic0 ⊗ s.
Proof. For (1), let ϕ = ϕi
j
dzj ⊗ ∂
∂zi
, and s = η(z)em where e = ∂
∂z1
∧ · · · ∂
∂zn
. Then,
∇s = (∂kη + η∂k log gm0 )dzk ⊗ em,
ϕy∇s = ϕi
j
(∂iη + η∂i log g
m
0 )dz
j ⊗ em,
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and
∂(∇s) = −[∂l∂kη + ∂lη∂k log gm0 + η∂l∂k log gm0 ]dzk ∧ dzl ⊗ em.
So,
∂(ϕy∇s) = [∂kϕij(∂iη + η∂i log gm0 ) + ϕij(∂k∂iη + ∂kη∂i log gm0 + η∂k∂i log gm0 )]dzk ∧ dzj ⊗ em
= ∂ϕy∇s+ ϕy∂(∇s).
For (2),
∂(∇s) = (∂i∂kη + ∂iη∂k log gm0 + η∂i∂k log gm0 )dzi ∧ dzk ⊗ em. (2.3.7)
∇(∂s) = (∂k∂iη + ∂iη∂k log gm0 )dzk ∧ dzi ⊗ em
= −(∂k∂iη + ∂iη∂k log gm0 )dzi ∧ dzk ⊗ em.
(2.3.8)
Therefore,
∂(∇s) = −∇(∂s)− 2√−1mRic0 ⊗ s.
Now let ϕ =
∞∑
i=1
tiϕi with ϕ1 ∈ H1(X0, T 1,0X0), and let s =
∞∑
i=0
tisi with s0
holomorphic. Then ϕy∇s =
∞∑
k=1
tk(ϕy∇s)k, where (ϕy∇s)k =
k∑
i=1
ϕiy∇sk−i. We
point out there is no zeroth order term.
For the first order term,
Lemma 2.3.5. On a Fano Ka¨hler-Einstein manifold, with divϕ = 0, we have
∂(ϕ1y∇s0) = 0. (2.3.9)
Proof. ϕ1 is harmonic, s0 is holomorphic and divϕ = 0, so
∂(ϕ1y∇s0) = ∂ϕ1y∇s0 + ϕ1y∂(∇s0) = ϕ1y∂(∇s0)
= ϕ1y(−∇∂s0 − 2
√−1 mRic0 ⊗ s0))
= −ϕ1y(2
√−1 mω0 ⊗ s0)
= −2√−1 m(ϕ1yω0)⊗ s0 = 0.
(2.3.10)
The last equality is from ϕyω0 = 0 on a Fano Ka¨hler-Einstein manifold by Corollary
2.1.2.
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To compute higher order terms, firstly, we note the following Lemma.
Lemma 2.3.6. On a Ka¨hler manifold (X0, ω0), for ϕ, ψ ∈ A0,1(X0, T 1,0X0), s ∈
A0(X0, K
−m
X0
), we have
ϕy∇(ψy∇s) + ψy(ϕy∇s) = [ϕ, ψ]y∇s. (2.3.11)
Proof. Locally, ϕ = ϕi
j
dzj ⊗ ∂
∂zi
, ψ = ψk
l
dzl ⊗ ∂
∂zk
, s = η(z)em, so that
∇s = (∂pη + η∂p log gm0 )dzp ⊗ em
ψy∇s = ψk
l
(∂kη + η∂k log g
m
0 )dz
l ⊗ em
∇(ψy∇s) = [∂p[ψkl (∂kη+ η∂k log gm0 )] +ψkl (∂kη+ η∂k log gm0 )∂p log gm0 ]dzp∧dzl⊗ em
ϕy∇(ψy∇s) =[ϕi
j
∂i(ψ
k
l
(∂kη + η∂k log g
m
0 )) + ϕ
i
j
ψk
l
(∂kη + η∂k log g
m
0 )∂i log g
m
0
]
dzj ∧ dzl ⊗ em
=
[
ϕi
j
(∂iψ
k
l
)(∂kη + η∂k log g
m
0 )) + ϕ
i
j
ψk
l
(∂i∂kη + ∂iη∂k log g
m
0 )
+ ϕi
j
ψk
l
(∂kη + η∂k log g
m
0 )∂i log g
m
0
]
dzj ∧ dzl ⊗ em
(2.3.12)
and
ψy∇(ϕy∇s) =[ψi
j
∂i(ϕ
k
l
(∂kη + η∂k log g
m
0 )) + ψ
i
j
ϕk
l
(∂kη + η∂k log g
m
0 )∂i log g
m
]
dzj ∧ dzl ⊗ em
=
[
ψi
j
(∂iϕ
k
l
)(∂kη + η∂k log g
m
0 )) + ψ
i
j
ϕk
l
(∂i∂kη + ∂iη∂k log g
m
0 )
+ ψi
j
ϕk
l
(∂kη + η∂k log g
m
0 )∂i log g
m
0
]
dzj ∧ dzl ⊗ em.
(2.3.13)
Therefore,
ϕy∇(ψy∇s) + ψy∇(ϕy∇s)
=[ϕi
j
(∂iψ
k
l
) + ψi
j
(∂iϕ
k
l
)](∂kη + η∂k log g
m
0 )dz
j ∧ dzl ⊗ em
+ [ϕi
j
ψk
l
(∂iη∂k log g
m
0 − ∂kη∂i log gm0 ) + ϕijψkl (∂kη∂i log gm0 − ∂iη∂k log gm0 )]dzj ∧ dzl ⊗ em
=[ϕ, ψ]y∇s.
(2.3.14)
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Lemma 2.3.7. When k ≥ 2, for the k-th order term, we have ∂(
k∑
i=1
ϕiy∇sk−i) = 0.
Proof.
∂(
k∑
i=1
ϕiy∇sk−i) =
k∑
i=1
∂(ϕiy∇sk−i)
=
k∑
i=1
(
∂ϕiy∇sk−i + ϕiy∂(∇sk−i)
)
=
k∑
i=1
(
∂ϕiy∇sk−i − ϕiy∇(∂sk−i)− ϕiy2
√−1 mω0 ⊗ sk−i
)
=
k∑
i=1
(
∂ϕiy∇sk−i − ϕiy∇(
k−i∑
j=1
ϕjy∇sk−i−j)
)
=
k∑
i=1
(
∂ϕi − 1
2
i∑
j=1
[ϕj, ϕi−j]
)
y∇sk−i = 0.
(2.3.15)
The last equality is from the deformation equation.
Based on Lemma 2.3.5 and Lemma 2.3.7, we have proved
Lemma 2.3.8. On the Fano Ka¨hler-Einstein manifold, for ϕ ∈ A0,1(X0, T 1,0X0),
s ∈ A0(X0, K−mX0 ) and divϕ = 0, we have ∂(ϕy∇s) = 0.
Proposition 10. The obstruction equation ∂s = ϕy∇s for s ∈ Γ(Xt, K−mXt ) is
solvable.
Proof. This follows from lemma 2.3.2, lemma 2.3.3 and lemma 2.3.8.
Next, we construct the power series solution to ∂s = ϕy∇s.
Theorem 2.3.1. Let s0 ∈ H0(X0, K−mX0 ). For |t| small enough, there exists a unique
convergent power series s(t) =
∞∑
i=0
tisi ∈ A0(X0, K−mX0 ) such that, s(0) = s0, H(si) =
0 for i ≥ 1 and s(t) satisfies ∂s = ϕy∇s.
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Proof. Let G be the Green’s operator on K−mX0 → X0 associate to the Hodge Lapla-
cian . We will construct si for i ≥ 1 so that s(t) = s0 +
∞∑
i=0
tisi is the solution to
∂s = ϕy∇s.
By Hodge theory,
s = s0 + ∂∂
∗
Gs+ ∂
∗
∂Gs
= s0 + ∂
∗
∂Gs
= s0 + ∂
∗
G(ϕy∇s).
(2.3.16)
Comparing coefficients up to tk, we obtain a formal power series solution as follows:
s1 =∂
∗
G(ϕ1y∇s0)
s2 =∂
∗
G(ϕ1y∇s1 + ϕ2y∇s0)
...
sk =∂
∗
G(
k∑
i=1
ϕiy∇sk−i)
...
(2.3.17)
Next, we show the formal power series is convergent in the Ho¨lder Space Ck,α if |t|
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is sufficiently small.
‖si‖k+α = ‖∂∗G(
i∑
j=1
ϕjy∇si−j)‖k+α
≤ C‖G
i∑
j=1
(ϕjy∇si−j)‖k+α+1
≤ C‖
i∑
j=1
(ϕjy∇si−j)‖k+α−1
≤ C
i∑
j=1
‖ϕjy∇si−j‖k+α−1
≤ C
i∑
j=1
‖ϕj‖k+α−1‖∇si−j‖k+α−1
≤ C
i∑
j=1
‖ϕj‖k+α‖si−j‖k+α.
(2.3.18)
There exist C1 > 0 and 0 < 1 < , such that 
j
1‖ϕj‖k+α ≤ C1. Then,
‖si‖k+α ≤ CC1(CC1 + 1)i−1−i1 .
Therefore, s(t) converges if |t| < 1
CC1+1
.
2.4 L2-metric on the direct image sheaf
Let pi : X → B be an analytic family of Fano Ka¨hler-Einstein manifolds, and
σ : K−1X /B →X is the relative anticanonical line bundle over the total space. For any
t ∈ B, K−1X /B|t ∼= K−1Xt . For each m ≥ 1, the direct image sheaf is R0pi∗(K−mX /B)→ B.
Let E =
⋃
t∈B
Et × {t}, where Et = H0(Xt, K−mXt ). It is known that R0pi∗(K−mX /B) is
isomorphic to E.
Take a basis {S10 , · · · , SNm0 } ∈ H0(X0, K−mX0 ), where Nm = dimH0(X0, K−mX0 ).
Let Sα(t) = Sα0 +
∞∑
i=1
tiSαi ∈ A0(X0, K−mX0 ) satisfying ∂Sα(t) = ϕy∇Sα(t), where
Sα0 ∈ H0(X0, K−mX0 ), α = 1, . . . Nm. Define σt : A0(X0, K−mX0 )→ A0(Xt, K−mXt ) to be
σt(S(t)) = [det(I − ϕϕ)−1e−ϕ(t)y(S(t)) 1m ]m.
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Then, σt is a well-defined linear isomorphism. Locally, if S(t) = η(z)(
∂
∂z1
∧· · ·∧ ∂
∂zn
)m,
then σt
(
S(t)
)
= η(z)(e1 ∧ · · · ∧ en)m. Moreover, σt(Sα(t)) ∈ H0(Xt, K−mXt ) for
α = 1, . . . Nm. The pointwise L
2-metric on R0pi∗(K−mX /B)→ B is defined by
< σt(S
α(t)), σt(S
β(t)) >gmt , where gt is the determinant of the metric on Xt.
Definition 2.4.1. The L2-metric on Et = H
0(Xt, K
−m
Xt
) is defined to be
hαβ(t) =
∫
Xt
< σt(S
α(t)), σt(S
β(t)) >gmt dVt. (2.4.1)
Firstly, we will derive the Taylor expansion of the L2 metric about t, from which
the curvature tensor follows immediately.
Lemma 2.4.1.
hαβ(t) =
∫
X0
< Sα(t), Sβ(t) >gm0 e
(m+1)f det(I − ϕϕ)dV0. (2.4.2)
Proof. Let Sα = ηα(z)( ∂
∂z1
∧ · · · ∧ ∂
∂zn
)m, Sβ = ηβ(z)( ∂
∂z1
∧ · · · ∧ ∂
∂zn
)m, σt(S
γ(t)) =
ηγ(z)(e1 ∧ · · · ∧ en)m with ei = (I − ϕϕ)ik( ∂∂zk − ϕlk ∂∂zl ). Then
e1∧· · ·∧en∧e1∧· · ·∧en = det(I−ϕϕ)−1( ∂
∂z1
∧· · ·∧ ∂
∂zn
∧ ∂
∂z1
∧· · ·∧ ∂
∂zn
), (2.4.3)
and
dVt = e
fdV˜t = e
f det(I − ϕϕ)dV0. (2.4.4)
So,
< σt(S
α(t)), σt(S
β(t)) >gmt = e
mf < Sα(t), Sβ(t) >gm0 . (2.4.5)
And,
hαβ(t) =
∫
X0
< Sα(t), Sβ(t) >gm0 e
(m+1)f det(I − ϕϕ)dV0. (2.4.6)
Lemma 2.4.2. For ϕ∈A0,1(X0, T 1,0X0), s ∈ A0(X0, K−mX0 ), we have
div(ϕ⊗ s) = (divϕ)⊗ s + ϕy∇s. (2.4.7)
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Proof. Locally, ϕ = ϕi
j
dzj ⊗ ∂i, s = η(z)em. So ∇s = (∂kη + η∂k log gm0 )dzk ⊗ em
and
ϕy∇s = ϕk
j
(∂kη + η∂k log g
m
0 )dz
j ⊗ em
= [∂k(ϕ
k
j
η)− η∂kϕkj + ηϕkj∂k log gm0 ]dzj ⊗ em
= [∂k(ϕ
k
j
η) + ηϕk
j
∂k log g
m+1
0 − ηϕkj∂k log g0 − η∂kϕkj ]dzj ⊗ em
= div(ϕ⊗ s)− (divϕ)⊗ s.
(2.4.8)
Lemma 2.4.3. If η = ηk dz
k ⊗ em ∈ A0,1(X0, K−mX0 ) satisfies ∂η = 0, then
div∗η = −∂p(ηigqi)dzp ⊗ ∂q ⊗ em (2.4.9)
and ∂(div∗η) = 0.
Proof. div : A0,1(X0,T
1,0X0 ⊗ K−mX0 ) → A0,1(X0,K−mX0 ) and div∗ : A0,1(X0,K−mX0 ) →
A0,1(X0,T
1,0X0 ⊗K−mX0 ). First, we find a local expression for div∗.
Let ψ = ψi
j
dzj ⊗ ∂i ⊗ em and η = ηkdzk ⊗ em. Then,
divψ = (∂iψ
i
j
+ ψi
j
∂i log g
m+1
0 )dz
j ⊗ em. Let div∗η = Al
k
dzk ⊗ ∂l ⊗ em.
By definition, ∫
X0
< div∗η, ψ > dV0 =
∫
X0
< η, divψ > dV0, (2.4.10)
L.H.S. =
∫
X0
< Al
k
dzk ⊗ ∂l ⊗ em, ψijdzj ⊗ ∂i ⊗ em > dV0
=
∫
X
Al
k
ψi
j
gjkglig
m
0 dV0,
R.H.S. =
∫
X0
< ηkdz
k ⊗ em, (∂iψij + ψij∂i log gm+10 )dzj ⊗ em > dV0
=
∫
X0
ηk(∂iψ
i
j
+ ψi
j
∂i log g
m+1
0 )g
jkgm0 dV0.
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So,∫
X0
Al
k
ψi
j
gjkglig
m
0 dV0 =
∫
X0
ηk(∂iψ
i
j
+ ψi
j
∂i log g
m+1
0 )g
jkgm0 dV0
= −
∫
X0
∂i
(
ηkg
jkgm+10 )g
−1
0 ψ
i
j
dV0 +
∫
X0
(∂i log g
m+1
0
)
gjkgm0 ηkψ
i
j
dV0.
(2.4.11)
It follows that
Al
k
gjkglig
m
0 = ηk(∂i log g
m+1
0 )g
jkgm0 − ∂i(ηkgjkgm+10 )g−10
= ηkg
jkgm0 ∂i log g
m+1
0 − ∂i(ηkgjk)gm0 − ηkgjk∂igm+10 g−m−10 gm0
= −∂i(ηkgjk)gm0 .
(2.4.12)
By ∂η = 0, we have ∂pηi = ∂iηp. So,
Al
k
gjkgli = −∂i(ηkgjk)
Alpgli = −∂iηp − ηkgjp∂igjk
Aqp = −gqi∂iηp − gqiηkgjp∂igjk
= −gqi∂pηi + ηkgqi∂pgjigjk
= −gqi∂pηi − ηi∂pgqi = −∂p(ηigqi),
and we get
div∗η = −∂p(ηigqi)dzp ⊗ ∂q ⊗ em, (2.4.13)
and,
∂(div∗η) = [−∂j∂k(ηigqi)]dzj ∧ dzk ⊗ ∂q ⊗ em
= [∂j∂k(ηig
qi)]dzj ∧ dzk ⊗ ∂q ⊗ em.
(2.4.14)
The symmetry leads to ∂(div∗η) = 0.
Lemma 2.4.4. For η ∈ A0,1(X0, K−mX0 ) and ∂η = 0, we have
div∗η − div∗η = −(m + 1)div∗η. (2.4.15)
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Proof. Let η = fidz
i ⊗ em. Then
∂
∗
η = −[gji∂jfi + gjifi∂j log gm0 ]em,
and
∂∂
∗
η = −∂k[gji∂jfi + gjifi∂j log gm0 ]dzk ⊗ em.
Because ∂η = 0,
η = ∂∂∗η = −∂k[gji∂jfi + gjifi∂j log gm0 ]dzk ⊗ em.
And
div∗(η) = ∂k
[
∂p(g
ji∂jfi + g
jifi∂j log g
m
0 )g
jp
]
dzk ⊗ ∂i ⊗ em (2.4.16)
On the other hand,
div∗η = −∂p(figqi)dzp ⊗ ∂q ⊗ em := ϕqpdzp ⊗ ∂q ⊗ em. (2.4.17)
And ∂(div∗η) = 0.
∂
∗
(div∗η) = [−∂lϕipglp + ϕqp∂pgip − ϕipglp∂l log gm0 ]∂i ⊗ em, (2.4.18)
(div∗η) = ∂k
[
∂l∂p(fjg
ij)glp − ∂p(fjgqj)∂qgip + ∂p(fjgij)glp∂l log gm0
]
dzk ⊗ ∂i ⊗ em.
(2.4.19)
Hence,
(div∗η)− div∗(η)
=
{
∂k
[
∂l∂p(fjg
ij)glp − ∂p(fjgqj)∂qgip + ∂p(fjgij)glp∂l log gm0
]
− ∂k
[
(gjl∂jfl + flg
jl∂j log g
m
0 )pg
ip
]}
dzk ⊗ ∂i ⊗ em
=∂k
[
∂l∂p(fjg
ij)glp − ∂p(fjgqj)∂qgip + ∂p(fjgij)glp∂l log gm0
− ∂p(glj∂lfj)gip − ∂p(fjglj)gip∂l log gm0 − (fjglj)gip∂l∂p log gm0
]
dzk ⊗ ∂i ⊗ em
=∂k
[
∂l∂p(fjg
ij)glp − ∂p(glj∂lfj)gip +m(fjgij)
]
dzk ⊗ ∂i ⊗ em
=(m+ 1)∂k(fjg
ij)dzk ⊗ ∂i ⊗ em
=− (m+ 1)div∗η.
(2.4.20)
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Lemma 2.4.5. For η = ηi
j
dzj ⊗ ∂i ⊗ em ∈ A0,1(X0, T 1,0X0 ⊗K−mX0 ), if ∂η = 0, then
div∗div(η) = η.
Proof.
η = ∂∂∗η
= ∂l[−gkj∂kηij + ηkj ∂kgij − ηijgkj∂k log gm0 ]dzl ⊗ ∂i ⊗ em
= [−gkj∂l∂kηj + ηkj ∂l∂kgij − ηijgkj∂l∂k log gm0 ]dzl ⊗ ∂i ⊗ em
=
[− [∂l∂k(ηijgkj)− ηij∂l∂k(gkj)] + ηkj ∂l∂k(gij) +mηil]dzl ⊗ ∂i ⊗ em
=
[− [∂l∂k(ηkj gij)− ηij∂l∂k(gkj)] + ηkj ∂l∂k(gij) +mηil]dzl ⊗ ∂i ⊗ em
= [−∂i∂kηki + (m+ 1)ηil ]dzl ⊗ ∂i ⊗ em
= div∗divη.
(2.4.21)
Based on above lemmas, we obtain
Proposition 11. Up to the second order, the expansion of the L2 metric about t at
0 is given by
hαβ(t) =hαβ(0) + |t|2
∫
X0
(m+ 1)((∆ + 1)−1|ϕ1|2 < Sα0 , Sβ0 >gm0 )dV0
− |t|2
∫
X0
(m+ 1) < (+m+ 1)−1(ϕ1 ⊗ Sα0 ), ϕ1 ⊗ Sβ0 > +O(|t|3).
(2.4.22)
Proof. The 0th order term is given by hαβ(0) =
∫
X0
< Sα0 , S
β
0 >gm0 dV0.
For the 1st order term:
We first note that f(0) = 0, and by the volume form expansion,
∂f
∂t
(0) =
∂f
∂t
(0) = 0.
Also, by the deformation equation,
∂
∂t
∣∣
t=0
det (I − ϕϕ) = ∂
∂t
∣∣
t=0
det (I − ϕϕ) = 0.
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Let ∂
∂t
Sα(t)|t=0 = Sα1 for α = 1, . . . , Nm. Then,
∂
∂t
∣∣
t=0
hαβ(t) =
∫
X0
∂
∂t
∣∣
t=0
< Sα(t), Sβ(t) >gm0 dV0
=
∫
X0
< Sα1 , S
β
0 >gm0 dV0
=
∫
X0
< ∂
∗
G(ϕ1ySα0 ), Sβ0 >gm0 dV0
=
∫
X0
< G(ϕ1ySα0 ), ∂Sβ0 >gm0 dV0 = 0.
(2.4.23)
Similarly, ∂
∂t
∣∣
t=0
hαβ(t) = 0.
So all first order terms vanish.
For the 2nd order terms, we have
by the volume form expansion, ∂
2f
∂t2
(0) = 0 and ∂
2
∂t2
∣∣
t=0
det(I −ϕϕ) = 0, it follows
∂2
∂t2
∣∣
t=0
[
e(m+1)f < Sα(t), Sβ(t) >gm0 det(I − ϕϕ)dV0
]
=
∂
∂t
∣∣
t=0
[
(m+ 1)e(m+1)f
∂f
∂t
< Sα(t), Sβ(t) >gm0 det(I − ϕϕ)dV0
+ e(m+1)f
∂
∂t
< Sα(t), Sβ(t) >gm0 det(I − ϕϕ)dV0
+ e(m+1)f < Sα(t), Sβ(t) >gm0
∂
∂t
det(I − ϕϕ)dV0
]
=
∂2
∂t2
∣∣
t=0
< Sα(t), Sβ(t) >gm0 det(I − ϕϕ)dV0
= < Sα2 , S
β
0 >gm0 dV0
= < ∂
∗
G(ϕ1y∇Sα1 + ϕ2y∇Sα0 ), Sβ0 >gm0 dV0 = 0
(2.4.24)
where ∂
2
∂t2
|t=0Sα(t) = Sα2 for any α = 1, . . . , Nm.
Similarly,
∂2
∂t
2
∣∣
t=0
[e(m+1)f < Sα(t), Sβ(t) >gm0 det(I − ϕϕ)dV0] = 0.
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For the mixed derivative term, recall equation (2.2.30) and (2.2.31), we have
∂2
∂t∂t
∣∣
t=0
[
e(m+1)f < Sα(t), Sβ(t) >gm0 det(I − ϕϕ)dV0
]
=
∂
∂t
∣∣
t=0
[
(m+ 1)e(m+1)f
∂f
∂t
< Sα(t), Sβ(t) >gm0 det(I − ϕϕ)dV0
+ e(m+1)f
∂
∂t
< Sα(t), Sβ(t) >gm0 det(I − ϕϕ)dV0
+ e(m+1)f < Sα(t), Sβ(t) >gm0
∂
∂t
det(I − ϕϕ)dV0
]
=(m+ 1)
∂2f
∂t∂t
∣∣
t=0
< Sα0 , S
β
0 >gm0 dV0 +
∂2
∂t∂t
∣∣
t=0
< Sα(t), Sβ(t) >gm0 dV0
+ < Sα0 , S
β
0 >gm0
∂2
∂t∂t
∣∣
t=0
det(I − ϕϕ)dV0
=(m+ 1)(∆ + 1)−1(|ϕ1|2) < Sα0 , Sβ0 >gm0 dV0+ < Sα1 , Sβ1 >gm0 dV0− < Sα0 , Sβ0 >gm0 |ϕ1|2dV0
=(m−∆)((∆ + 1)−1(|ϕ1|2)) < Sα0 , Sβ0 >gm0 dV0+ < Sα1 , Sβ1 >gm0 dV0.
(2.4.25)
Hence, up to second order, the L2-metric about t can be written as
hαβ(t) =
∫
Xt
< σt(S
α(t)), σt(S
β(t)) >gmt dVt
= hαβ(0) + |t|2
∫
X0
(< Sα1 , S
β
1 >gm0 +(m−∆)((∆ + 1)−1|ϕ1|2) < Sα0 , Sβ0 >gm0 )dV0 +O(|t|3).
(2.4.26)
Next, we will explore further the term
∫
X0
< Sα1 , S
β
1 >gm0 dV0. ByH
1(X0, K
−m
X0
) =
0, we know G = Id. Thus we have,
< Sα1 , S
β
1 >gm0 =< ∂
∗
G(ϕ1y∇Sα0 ), ∂
∗
G(ϕ1y∇Sβ0 ) >gm0
=< G(ϕ1y∇Sα0 ), ∂∂
∗
G(ϕ1y∇Sβ0 ) >gm0
=< G(ϕ1y∇Sα0 ), (− ∂
∗
∂)G(ϕ1y∇Sβ0 ) >gm0
=< G(ϕ1y∇Sα0 ),G(ϕ1y∇Sβ0 ) >gm0 − < G(ϕ1y∇Sα0 ), ∂
∗
∂G(ϕ1y∇Sβ0 ) >gm0 .
(2.4.27)
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Moreover,
∂
∗
∂G(ϕ1y∇Sβ0 ) = ∂
∗
G∂(ϕ1y∇Sβ0 )
= ∂
∗
G(∂ϕ1y∇Sβ0 + ϕ1y∂(∇Sβ0 ))
= ∂
∗
G(ϕ1y(−∇(∂Sβ0 )) + ϕ1y2
√−1 mSβ0 ⊗ ω0) = 0.
(2.4.28)
We get < Sα1 , S
β
1 >gm0 =< G(ϕ1y∇Sα0 ), (ϕ1y∇Sβ0 ) >gm0 .
Based on Lemma 2.4.2 to Lemma 2.4.5, choosing the divergence gauge, we notice
that the operator (+m+ 1) has no kernel, we have∫
X0
< G(ϕ1y∇Sα0 ), ϕ1y∇Sβ0 > dV0
=
∫
X0
< Gdiv(ϕ1 ⊗ Sα0 ), div(ϕ1 ⊗ Sβ0 ) > dV0
=
∫
X0
< div∗Gdiv(ϕ1 ⊗ Sα0 ), ϕ1 ⊗ Sβ0 > dV0
=
∫
X0
< (+m+ 1)−1(+m+ 1)div∗Gdiv(ϕ1 ⊗ Sα0 ), ϕ1 ⊗ Sβ0 > dV0
=
∫
X0
< (+m+ 1)−1div∗Gdiv(ϕ1 ⊗ Sα0 ), ϕ1 ⊗ Sβ0 > dV0
=
∫
X0
< (+m+ 1)−1div∗div(ϕ1 ⊗ Sα0 ), ϕ1 ⊗ Sβ0 > dV0
=
∫
X0
< (+m+ 1)−1(ϕ1 ⊗ Sα0 ), ϕ1 ⊗ Sβ0 > dV0
=
∫
X0
< ϕ1 ⊗ Sα0 − (m+ 1)(+m+ 1)−1(ϕ1 ⊗ Sα0 ), ϕ1 ⊗ Sβ0 > dV0
=
∫
X0
< ϕ1 ⊗ Sα0 , ϕ1 ⊗ Sβ0 > dV0 −
∫
X0
(m+ 1) < (+m+ 1)−1(ϕ1 ⊗ Sα0 ), ϕ1 ⊗ Sβ0 > dV0
=
∫
X0
|ϕ1|2 < Sα0 , Sβ0 > dV0 −
∫
X0
(m+ 1) < (+m+ 1)−1(ϕ1 ⊗ Sα0 ), ϕ1 ⊗ Sβ0 > dV0.
(2.4.29)
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Therefore,
hαβ(t) =hαβ(0) + |t|2
∫
X0
(m−∆)((∆ + 1)−1|ϕ1|2 < Sα0 , Sβ0 >gm0 )dV0
+ |t|2
∫
X0
|ϕ1|2 < Sα0 , Sβ0 >gm0 −(m+ 1) < (+m+ 1)−1(ϕ1 ⊗ Sα0 ), ϕ1 ⊗ Sβ0 > dV0 +O(|t|3)
=hαβ(0) + |t|2
∫
X0
(m+ 1)((∆ + 1)−1|ϕ1|2 < Sα0 , Sβ0 >gm0 )dV0
− |t|2
∫
X0
(m+ 1) < (+m+ 1)−1(ϕ1 ⊗ Sα0 ), ϕ1 ⊗ Sβ0 > dV0 +O(|t|3).
(2.4.30)
Now, we are ready to show
Theorem 2.4.1. Let pi : X → B ⊂ C be an analytic family of Fano Ka¨hler-Einstein
manifolds, such that on the central fiber pi−1(0) = (X0, ω0), we have H0(X0, T 1,0X0).
Let KmX /B → B be the relative anticanonical line bundle. Then the Ricci curvature
of the L2 metric on the direct image sheaf R0pi∗(KmX /B) has the following asymptotic
behavior
lim
m→∞
pin
mn
Rm11 = −
∫
X0
|ϕ1|2dV0,
where
∫
X0
|ϕ1|2dV0 is the Weil-Peterson metric on the Moduli space.
Proof. Let τm =
Nm∑
α=1
< Sα0 , S
α
0 >gm0 be the Bergman Kernel function on the central
fiber (X0, ω0). By Proposition 12,
Rm11 =−
Nm∑
α=1
∂2hαα(t)
∂t∂t
|t=0
=−
∫
X0
τm(m+ 1)(∆ + 1)
−1|ϕ1|2dV0
+
∫
X0
(m+ 1)
Nm∑
α=1
< (+m+ 1)−1(ϕ1 ⊗ Sα0 ), ϕ1 ⊗ Sβ0 > dV0.
(2.4.31)
Let (+m+ 1)f = λf . Then we see
λ
∫
X0
f 2 =
∫
X0
f(+m+ 1)f =
∫
X0
ff + (m+ 1)f 2 ≥ (m+ 1)
∫
X0
f 2 (2.4.32)
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so, the eigenvalue of the operator +m+ 1 is at least m+ 1.
By Tain-Yau-Zelditch’s Bergman kernel expansion formula [6] [17] [20],
τm =
mn
pin
− nm
n−1
2pin
+O(mn−2).
Then,
0 ≤
∫
X0
< (+m+ 1)−1(ϕ1 ⊗ Sα0 ), ϕ1 ⊗ Sα0 > dV0
≤ 1
m+ 1
∫
X0
< ϕ1 ⊗ Sα0 , ϕ1 ⊗ Sα0 > dV0
=
1
m+ 1
∫
X0
|ϕ1|2 < Sα0 , Sα0 > dV0.
(2.4.33)
So,
Rm11 ≤ (m+ 1)
[ 1
m+ 1
∫
X0
τm|ϕ1|2 −
∫
X0
τm(∆ + 1)
−1|ϕ1|2dV0
]
. (2.4.34)
On the other hand,
Rm11 ≥ −(m+ 1)
∫
X0
τm(∆ + 1)
−1|ϕ1|2dV0. (2.4.35)
As m→∞, we get,
lim
m→∞
pin
mn
Rm11 = −
∫
X0
(∆ + 1)−1|ϕ1|2dV0 = −
∫
X0
|ϕ|2dV0. (2.4.36)
2.5 Deformation of holomorphic vector fields
On a general Fano Ka¨hler-Einstein manifold, there may exist holomorphic vector
fields which are nontrivial. In this section, we will investigate the deformation theory
of such vector fields. More specifically, we establish the deformation equation and
show that the solution to the deformation equation exists under the assumption that
the dimension of the space of holomorphic vector fields is a constant.
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Let pi : X → B ⊂ C be an analytic family of Fano Ka¨hler-Einstein manifolds,
(X0, ω0) is the central fiber. Let V0 ∈ H0(X0, T 1,0X0), V ∈ A0(X0, T 1,0X0) such that
H(V ) = V0. Let ϕ be the Beltrami differential. We define σ : A0(X0, T 1,0X0) →
A0(Xt, T
1,0(Xt, T
1,0Xt)) as follows. If (z1, . . . , zn) are local holomorphic coordinates
on X0, V = V
i(z) ∂
∂zi
, then σ(V ) = V i(z)ei, where ei = (I −ϕϕ)ik( ∂∂zk −ϕ
j
k
∂
∂zj
). We
know σ is an isormorphism. Then,
Proposition 12. σ(V ) ∈ H0(Xt.T 1,0Xt) if and only if ∂V = [ϕ, V ].
Proof. Let
V = V i
∂
∂zi
∈ A0(X0, T 1,0X0).
For {e1, · · · , en} the deformed holomorphic frame, where
ei = (I − ϕϕ)ik( ∂
∂zk
− ϕj
k
∂
∂zj
),
the deformed holomorphic coordinate vector field on Xt is given by
∂
∂wα
= (
∂wα
∂zi
)−1(I − ϕϕ)ik( ∂
∂zk
− ϕj
k
∂
∂zj
)
= biα(I − ϕϕ)ikTk,
(2.5.1)
where (biα)n×n = (aiα)−1n×n and aiα =
∂wα
∂zi
.
Now, σ(V ) = V (t) = V iei = V
iaiα
∂
∂wα
, let ∂t =
∂
∂wα
dwα. Then V (t) ∈
H0(Xt, T
1,0Xt), if and only if ∂tV (t) = 0, if and only if Ti(V (t)) = (∂i−ϕji∂j)(V kakα) =
0. By
∂i(akα) = ∂i(∂kwα) = ∂k(∂iwα) = ∂k(ϕ
j
i
∂wα
∂zj
) = ajα∂kϕ
j
i
+ ϕj
i
∂kajα, (2.5.2)
we get
(∂i − ϕji∂j)(akα) = ajα∂kϕ
j
i
,
and
(∂i − ϕji∂j)(V kakα) = (∂iV k − ϕ
j
i
∂jV
k + V j∂jϕ
k
i
)akα.
Therefore, ∂tV (t) = 0, if and only if ∂V = ϕy∂V − V y∂ϕ, if and only if ∂V =
[ϕ, V ].
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Lemma 2.5.1. If W ∈ A0(X0, T 1,0X0)/H0(X0, T 1,0X0), we have (− 1)divGW =
divW where G is the Green operator, and  is the Hodge Laplacian.
Proof. For a vector U ∈ A0(X0, T 1,0X0) we have
divU − divU =∂∗∂divU − div∂∗∂U
=−∇k∇k∇iU i +∇i∇k∇kU i
=∇k(∇i∇kU i −∇k∇iU i)
=∇k(RpkUp) = gpk∇kUp = divU.
(2.5.3)
Take W ∈ A0(X0, T 1,0X0)/H0(X0, T 1,0X0),
(divGW −GdivW ) =divGW − divW
=divGW + divGW − divW
=divGW
(2.5.4)
i.e. (− 1)divGW = divW .
Lemma 2.5.2. For V = V0 +
∑
i≥1
tiVi ∈ A0(X0, T 1,0X0) satisfying
∂V = [ϕ, V ]
H[ϕ, V ] = 0
V0 ∈ H0(X0, T 1,0X0)
and V0 is a holomorphic vector field with real potential function. Then divVi = 0 for
all i ≥ 1.
Remark 9. On a compact Fano Ka¨hler-Einstein manifold, there always exists a
holomorphic vector field with a real potential. The reason is: taking any V ∈
H0(X0, T
1,0X0), the Fano condition tells us V = ∇1,0f for some complex val-
ued smooth function f and divV = −f . Let f = u + √−1v, then divV =
−u−√−1v. By Matsushima’s theorem, divV = divV , so (u)+√−1(v) =
u+
√−1(v). Since  is a real operator on Ka¨hler manifold, (u) = u and
(v) = v, again, by Matsushima’s theorem, ∇1,0(u) is such a holomorphic
vector field with real potential u.
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Proof. (of the lemma 2.5.2)
For ϕ = ϕi
j
dzj ⊗ ∂
∂zi
∈ A0,1(X0, T 1,0X0), V = V k ∂∂zk ∈ A0(X0, T 1,0X0), we have
[ϕ, V ] = (ϕi
j
∂iV
k − V i∂iϕkj )dzj ⊗
∂
∂zk
so ∂
∗
[ϕ, V ] = −∇j(ϕij∂iV k − V i∂iϕkj ) ∂∂zk .
By Hodge decomposition,
V = V0 + ∂
∗
∂GV = V0 + ∂
∗
G[ϕ, V ],
then Vi =
i∑
j=1
∂
∗
G[ϕj, Vi−j], for i ≥ 1.
By Lemma 2.5.1, (− 1)divG∂∗[ϕ, V ] = div∂∗[ϕ, V ]. Hence,
(− 1)divV1 =(− 1)div∂∗G[ϕ1, V0] = div∂∗[ϕ1, V0]
=−∇k∇j(ϕi1j∂iV k0 − V i0∂iϕk1j)
=− ϕi
1j
∂j∂i(divV0) = −tr(ϕ1y∇2divV0) = 0
(2.5.5)
The last equality holds because divV0 is real and V0 ∈ H0(X0, T 1,0X0). Now,
V1 6∈ H0(X0, T 1,0X0) implies the operator (− 1) is invertible, so, divV1 = 0.
For i ≥ 2, Vi =
i∑
j=1
∂
∗
G[ϕj, Vi−j],
(− 1)divVi =
i∑
j−1
(− 1)div∂∗G[ϕj, Vi−j]
=
i∑
j=1
div∂
∗
[ϕj, Vi−j]
=− tr(ϕiy∇2divV0)−
i−1∑
j=1
tr(ϕjy∇2divVi−j) = 0
(2.5.6)
Consequently, divVi = 0 for all i ≥ 1.
Proposition 13. Suppose h0(X0, T
1,0X0) = h
0(Xt, T
1,0Xt) = k = constant for
|t| < . Then there exists a unique solution to{
∂V = [ϕ, V ]
div(V −H(V )) = 0.
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Proof. For each sufficiently small t, h0(Xt, T
1,0Xt) = k, it’s known thatH
0(Xt, T
1,0Xt)
is a vector bundle. Take a holomorphic basis {E1(t), . . . , Ek(t)}, such thatH0(Xt, T 1,0Xt) =
span{E1(t), · · ·Ek(t)}. In particular, H0(X0, T 1,0X0) = span{E1(0), . . . Ek(0)}.
Since
σ(t) : A0(X0, T
1,0X0)→ A0(Xt, T 1,0Xt)
∂
∂zi
7→ ei = (I − ϕϕ)ij( ∂
∂zj
− ϕk
j
∂
∂zk
).
is a linear isomorphism, σ−1(Ei(t)) = E˜i(t) ∈ A0(X0, T 1,0X0) and E˜i(t) satisfies
∂E˜i(t) = [ϕ, E˜i(t)]. For each E˜i(t), we let E˜i(t) = H(E˜i(t)) +
∑
α≥1
tαE˜iα(t) where
H(E˜i(t)) ∈ H0(X0, T 1,0X0). By H0(X0, T 1,0X0) = span{E1(0), · · · , Ek(0)} =
span{H(E˜1(t), · · · , E˜k(t))}, there exists a nondegenerate linear mapA0(t) : H0(X0, T 1,0X0)→
H0(X0, T
1,0X0) such that
E1(0)
...
Ek(0)
 = A0(t)

H(E˜1(t))
...
H(E˜k(t))
 .
Now, assume {e1(t), · · · , ek(t)} is the solution to
∂ei(t) = [ϕ, ei(t)]
H[ei(t)] = Ei(0)
div(ei(t)− Ei(0)) = 0,
i.e. σ(ei(t)) ∈ H0(Xt, T 1,0Xt). Then there is A(t, t) such that,
e1(t)
...
ek(t)
 = A(t, t)

E˜1(t)
...
E˜k(t)

However, by the implicit function theorem, for |t| < , such a linear transforma-
tion A(t, t) always exists.
58
Chapter 3
Pluri-subharmonicity of Harmonic
Energy
It is well known that the Teichmu¨ller spaces of hyperbolic Riemann surfaces are
contractible. However, little is known about the Teichmu¨ller spaces of higher di-
mensional Ka¨hler-Einstein manifolds of general type. In this chapter, we will take
the first step in studying the (weak) pseudo-convexity of such Teichmu¨ller spaces.
Our approach to the problem is in the framework of deformation theory. In partic-
ular, based on the deformation theory of Ka¨hler-Einstein manifolds of general type
estabilished by X. Sun [15], we compute the first and second variation of harmonic
energy. It turns out the first variation of the energy function admits a simple for-
mula depending on the harmonic projection of the Beltrami differential. Based on
the second variation, we conclude that with the assumption that the target manifold
has Hermitian nonpositive curvature, the energy function is pluri-subharmonic.
In section 1, we review the deformation theory of Ka¨hler-Einstein manifolds of
general type, the discussion of which follows from X. Sun’s paper [15]. In section 2,
we compute the first variation of the energy function and express it in terms of the
harmonic Beltrami differentials and Hopf differentials. In section 3, we investigate
the second variation and obtain the pluri-subharmonicity of the energy functional.
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3.1 Deformation of Ka¨hler-Einstein manifolds of
general type
Let M0 be a compact Ka¨hler manifold with c1(M0) < 0. By Yau’s famous work
[19], M0 admits a unique Ka¨hler-Einstein metric ω0, such that Ric(ω0) = −ω0.
Suppose H2(M0, T
1,0M0) = 0, i.e. the deformations of complex structures on M0
have no obstructions. Let pi : X → B = {t = (t1 · · · , tk) ∈ Ck
∣∣|t| < } be
an analytic family of compact Ka¨hler-Einstein manifolds of general types with the
central fiber (M0, ω0), and for each t ∈ B, Mt = pi−1(t) is also a Ka¨hler-Einstein
manifold such that Ric(ωt) = −ωt. The complex structrure on Mt is represented by
ϕ(t) ∈ A0,1(M0, T 1,0M0), where ϕ(t) satisfies∂ϕ(t) = 12 [ϕ(t), ϕ(t)]∂∗ϕ(t) = 0, (3.1.1)
where ∂ is on the central fiber (M0, ω0), and ∂
∗
depends on the Ka¨hler-Einstein
metric ω0. Let the div operator be defined as in Chapter 2. We first recall the
following theorem.
Theorem 3.1.1. (X. Sun) On a compact Ka¨hler-Einstein manifold of general type
(M0, ω0), if a Beltrami differential ϕ ∈ A0,1(M0, T 1,0M0) satisfies ∂ϕ = 12 [ϕ, ϕ], then
∂
∗
ϕ = 0 if and only if divϕ = 0.
Furthermore, ϕyω0 = 0 when either one of these conditions is imposed.
Therefore, the deformation equation of complex structures on Ka¨hler-Einstein
manifolds of general type is solvable under either the Kuranisi gauge ∂
∗
ϕ = 0 or
the divergence gauge divϕ = 0. In the following discussion, instead of using the
Kuranishi gauge, we will take the divergence gauge in the computation. To simplify
the notation, we let B ⊂ C.
For the analytic family pi : X → B of Ka¨hler-Einstein manifolds of general type,
the complex structure on each fiberMt = pi
−1(t) is determined by ϕ(t) = ϕ1+
∑
i≥2
tiϕi,
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where ϕ1 ∈ H0,1(M0, T 1,0M0), and for i ≥ 2, ϕi satisfies
∂ϕi =
1
2
i−1∑
j=1
[ϕj, ϕi−j].
divϕi = 0.
(3.1.2)
Let (z1, . . . , zn) be local holomorphic coordinates on (M0, ω0), locally
Ω1,0(M0) = span{dz1, · · · , dzn}.
Let {e1, · · · , en} be local holomorphic coframes on (Mt, ωt) obtained by the de-
formation of the complex structure, i.e. ei = dzi + ϕi
j
dzj. Then,
Ω1,0(Mt) = span{e1, . . . , en}.
Let (w1, · · · , wn) be local holomorphic coordinates on (Mt, ωt), let ajα = ∂wα∂zj ,
(bjα)n×n = (ajα)−1n×n, and Ti = (∂i − ϕki ∂k). Thendwα = ∂wα∂zj ej = ajα(dzj + ϕ
j
k
dzk)
∂
∂wα
= bjα(I − ϕϕ)ijTi = bjα(I − ϕϕ)ij(∂i − ϕki ∂k).
(3.1.3)
Now, let A = (aαi)n×n = (∂wα∂zi )n×n, |A| = detA, cn = (−1)
n(n−1)
2 (
√−1
2
)n, and let
g0 be the Ka¨hler metric on the central fiber M0, then
dV0 = cn det g0 dz
1 ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ dzn. (3.1.4)
Let
dV˜t = cn det g0 e
1 ∧ · · · ∧ en ∧ e1 ∧ · · · ∧ en
= det(I − ϕϕ) dV0.
(3.1.5)
There is a unique function f = f(z, z, t, t) ∈ C∞(M0 × B) with f(z, z, 0, 0) = 0
such that the volume form on the deformed manifold Mt is given by
dVt = e
fdV˜t = e
f det(I − ϕϕ) dV0
= cne
f det g0 |A|−2dw1 ∧ · · · ∧ dwn ∧ dw1 · · · ∧ dwn
= cn det gt dw
1 ∧ · · · ∧ dwn ∧ dw1 · · · ∧ dwn.
(3.1.6)
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Hence,
det gt = e
f det g0|A|−2. (3.1.7)
Define the matrix B = (Bjp)n×n to be
Bjp = gjp − (∂jϕkp)(I − ϕϕ)ikTi(f) + Tp
[
(I − ϕϕ)ijTi(f)
]
. (3.1.8)
Then the deformed Monge− Ampe`re equation( ∂2
∂wα∂wβ
log dVt
)n
= dVt (3.1.9)
turns out to be
detBjp = e
f det g0 det(I − ϕϕ), (3.1.10)
then
log detB = f + log det g0 + log det(I − ϕϕ). (3.1.11)
On the Ka¨hler-Einstein manifolds of general type, the operator ∆ − 1 is auto-
matically invertible for the Beltrami Laplacian ∆. From equation 3.1.8 and 3.1.11,
We can derive the Taylor expansion of f; that is
f = |t|2(1−∆)−1(|ϕ1|2) +O(|t|3). (3.1.12)
Also, by the deformation equation of the complex structures,
det(I − ϕϕ) = 1− |t|2|ϕ1|2 +O(|t|3). (3.1.13)
We conclude the following theorem.
Theorem 3.1.2. (X. Sun) Let pi : X → B = {t ∈ C : |t| < ε} be an analytic family
of Ka¨hler-Einstein manifolds of general type with central fiber pi−1(0) = (M0, ω0).
Then the volume form on the nearby fiber Mt = pi
−1(t) is given by
dVt =
[
1 + |t|2∆((1−∆)−1|ϕ1|2) +O(|t|3)
]
dV0,
and the Ka¨hler form is
ωt = ω0 + |t|2(
√−1
2
∂∂(1−∆)−1|ϕ1|2) +O(|t|3),
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where ∆ is the Beltrami-Laplacian on M0, ∂, ∂ are operators on M0, and ϕ1 = H(ϕ)
is the harmonic projection of the Beltrami differential ϕ, satisfying
∂ϕ = 1
2
[ϕ, ϕ]
divϕ = 0
ϕ(0) = 0.
(3.1.14)
3.2 First variation of harmonic energy
Let (N, h) be a Riemannian manifold of dimension dimRN = m with nonpositive
sectional curvature. Let (M0, ωg) be a compact Ka¨hler-Einstein manifold of general
type with dimension dimCM0 = n and let T be its Teichmu¨ller space. We assume
that the deformation of the complex structures on M0 is unobstructed. Let k =
h0,1
(
M0, T
1,0
M0
)
= dimC T and let M be the background smooth manifold of M0. Let
A be a fixed homotopy class of maps from M to N .
We consider the functional E : T → R. For each point p ∈ T , we let (Mp, gp)
be the Ka¨hler-Einstein manifold corresponding p. Let u : Mp → N be a harmonic
map in the class A. We let E(p) be the energy of u.
Now let z1, · · · , zn be local holomorphic coordinates onM0 and let ωg =
√−1
2
gijdzi∧
dzj. Let u1, · · · , um be any local coordinates on N and let h = hABduA ⊗ duB. Let
u0 : M0 → N be a harmonic map in the class A.
The energy of u0 is
E(0) = E(u0) =
∫
M0
gijhAB(u0)∂iu
A
0 ∂ju
B
0 dV0
and the Euler-Lagrange of E(0) is the harmonic map equation
∆0u
A
0 + Γ
A
BC (u0) ∂iu
B
0 ∂ju
C
0 g
ij = 0
for each A, here ∂i =
∂
∂zi
.
Remark 10. The Hopf differential H (u0) ∈ S2Ω1,0M0 is defined as
H (u0) = hAB∂iu
A
0 ∂ku
B
0 dzi ⊗ dzk.
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When M0 is a Riemann surface we know that H(u0) is a holomorphic quadratic
differential.
Now, assume pi : X → B = {t ∈ C : |t| < } is an analytic family of compact
Ka¨hler-Einstein manifolds of general type with the central fiber (M0, ω0) and for each
t ∈ B, Mt = pi−1(t) is also a Ka¨hler-Einstein manifold such that Ric(ωt) = −ωt.
The target manifold is still (N, h) as above. We define the energy E on the total
space X , and E|t = Et, where Et = E(t, t) = E(ut), and
E(ut) =
∫
Mt
gijt hAB(ut)
∂uAt
∂wi
∂uBt
∂wj
dVt.
By the deformation equation of the complex structures, let ϕ1 ∈ H0,1 (M0, T 1,0M0).
We consider the convergent power series ϕ(t) = tϕ1 +
∑
i≥2
tiϕi where t ∈ B ⊂ C such
that 
∂0ϕ(t) =
1
2
[ϕ(t), ϕ(t)]
∂
∗
0ϕ(t) = 0
H (ϕi) = 0 for i ≥ 2.
Theorem 3.2.1. The first variation of E in the direction ϕ1 is given by
∂E
∂t
∣∣∣∣
t=0
=
∫
M0
Λ (ϕ1yH(u0)) dV0,
where Λ (ϕ1yH(u0)) = gijϕk1jH(u0)ik = g
ijhαβϕ
k
1j
∂iu
α
0∂ku
β
0 .
Proof. On (M0, ω0), locally,
Ω1,0(M0) = span{dz1, · · · , dzn}.
Let {e1, . . . , en} be local holomorphic frames on (Mt, ωgt), then
Ω1,0(Mt) = span{e1, · · · , en}, where ei = dzi + ϕijdzj.
Let {w1, · · · , wn} be local holomorphic coordinates on Mt, let ajα = ∂wα∂zj and
(bjα)n×n = (ajα)−1n×n, Ti = (∂i − ϕki ∂k), thendwα = ∂wα∂zj ej = ajk(dzj + ϕ
j
k
dzk)
∂
∂wα
= bjα(I − ϕϕ)ijTi = bjα(I − ϕϕ)ij(∂i − ϕki ∂k).
(3.2.1)
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Since the domain is a Ka¨hler-Einstein manifold, as in the previous section in this
chapter, we let
Bjp = gjp − ∂j(ϕkp)(I − ϕϕ)ikTi(f) + Tp[(I − ϕϕ)ijTi(f)].
Then
gαβ = −Rαβ
=
∂2
∂wα∂wβ
log det gt
= bqβbjα(I − ϕϕ)pqBjp.
(3.2.2)
and
gαβ
∂uA
∂wα
∂uB
∂wβ
= Bjk(I − ϕϕ)jmTmuATkuB. (3.2.3)
For the B matrix, we have
Blk(0) = glk, and
∂
∂t
|t=0Blk = 0,
By the power series of ϕ(t),
∂
∂t
|t=0(I − ϕϕ)ij = 0,
and since ϕ is holomorphic in t, we have
∂
∂t
|t=0Tk = ∂∂t |t=0(∂k − ϕik∂i) = −ϕi1k∂i, and ∂∂t |t=0Tm = 0.
Hence,
∂
∂t
∣∣∣∣
t=0
(gαβ
∂uA
∂wα
∂uB
∂wβ
) = gjk
∂
∂t
|t=0(TjuATkuB)
= gjk
[
∂j(
∂uA
∂t
(0))∂ku
B
0 − ∂juA0 ∂iuB0 ϕi1k + ∂juA0 ∂k(
∂uB
∂t
(0))
]
.
(3.2.4)
Now, E(u) =
∫
Mt
∂uA
∂wα
∂uB
∂wβ
hABdVt and
d
dt
|t=0dVt = 0. Thus
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∂∂t
∣∣∣∣
t=0
E(u) =
∫
M0
[hAB
∂
∂t
|t=0(gαβ ∂u
A
∂wα
∂uB
∂wβ
) + (gαβ
∂uA
∂wα
∂uB
∂wβ
)|t=0∂hAB
∂t
|t=0] dV0
=
∫
M0
hABg
jk[∂j(
∂uA
∂t
(0))∂ku
B
0 + ∂ju
A
0 ∂k(
∂uB
∂t
(0))] dV0
−
∫
M0
[∂ju
A
0 ∂iu
B
0 ϕ
i
1k
]hAB dV0 +
∫
M0
gjk
∂uA0
∂zj
∂uB0
∂zk
∂hAB
∂uC
∂uC0
∂t
dV0
=−
∫
M0
∂j(g
jk∂ku
B
0 hABg)
∂uA0
∂t
g−1 dV0 −
∫
M0
∂k(g
jk∂ju
A
0 hABg)
∂uB0
∂t
g−1 dV0
−
∫
M0
gjk[∂ju
A
0 ∂iu
Bϕi
1k
]hAB dV0 +
∫
M0
gjk
∂uA0
∂zj
∂uB0
∂zk
∂hAB
∂uC
∂uC0
∂t
dV0
=−
∫
M0
(2gjk∂j∂ku
B
0 hAB
∂uA0
∂t
+ gjk∂ku
B
0 ∂ju
C
0
∂uA0
∂t
(
∂hAB
∂uC
+
∂hAC
∂uB
− ∂hBC
∂uA
)) dV0
−
∫
M0
gjk[∂ju
A
0 ∂iu
B
0 ϕ
i
1k
]hAB dV0
=−
∫
M0
gjk[∂ju
A
0 ∂iu
B
0 ϕ
i
1k
]hAB dV0 = −
∫
M0
Λ (ϕ1yH(u0)) dV0.
(3.2.5)
Corollary 3.2.1. If 0 ∈ T is a critical point of E then ∫
M0
Λ (ϕ1yH(u0)) dV0 = 0
for any ϕ1 ∈ H0,1 (M0, T 1,0M0). In particular, if M0 is a Riemann surface and 0 is
a critical point of E, then H(u0) = 0.
3.3 Second variation of harmonic energy
Now we look at the second variation of E along the base direction. We let v =
∂ut
∂t
∣∣∣∣
t=0
∈ Γ (u∗0TN). To fix the notation, for any function ρ ∈ C∞(M0) we let
∆ρ = gij∂i∂jρ. Now we let K = (1−∆)−1 (|ϕ1|2). To state the second variation
formula we need some notation. We let ΓCAB be the Christoffel symbol of the metric
h on N . Let ∇1,0 and ∇0,1 be the connection on u∗0TN induced by the Levi-Civita
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connection on N . Precisely, for any section s = sA ∂
∂yA
∈ Γ (u∗0TN) we have
∇1,0s = (∂isA + sB∂iuC0 ΓABC) dzi ⊗ ∂∂yA ∈ Γ (Ω1,0M0 ⊗ u∗0TN) ,
and
∇0,1s = (∂jsA + sB∂juC0 ΓABC) dzj ⊗ ∂∂yA ∈ Γ (Ω0,1M0 ⊗ u∗0TN) .
Lemma 3.3.1. Let RABCD be the curvature tensor of the metric h on N , the complex
Hessian of E is given by
∂2E
∂t∂t
∣∣∣∣
t=0
=
∫
M0
hAB∂iu
A
0 ∂ju
B
0 g
ij∆K dV0
−
∫
M0
hAB∂iu
A
0 ∂ju
B
0 g
iqgpj∂p∂qK dV0
− 2
∫
M0
gijRABCD∂iu
A
0 ∂ju
C
0 v
BvDdV0
+ 2
∫
M0
‖∇1,0v − ϕ1y∂u0‖2dV0.
(3.3.1)
Proof. Let GAB = gαβ ∂u
A
∂wα
∂uB
∂wβ
= Bjk(I − ϕϕ)jmTmuATkuB, then
E(u) =
∫
Mt
gαβ
∂uA
∂wα
∂uB
∂wβ
hABdV =
∫
Mt
GABhABdVt.
Since ∂
∂t
|t=0dVt = ∂∂t |t=0dVt = 0, we see
∂2E(u)
∂t∂t
∣∣
t=0
=
∫
M0
[
(
∂2
∂t∂t
∣∣
t=0
GAB)hAB(0) +G
AB(0)
∂2
∂t∂t
∣∣
t=0
hAB +G
AB(0)hAB(0)
∂2
∂t∂t
∣∣
t=0
]
dVt
+
∫
M0
[
∂
∂t
∣∣
t=0
GAB
∂
∂t
∣∣
t=0
hAB +
∂
∂t
∣∣
t=0
GAB
∂
∂t
∣∣
t=0
hAB
]
dVt.
(3.3.2)
Now, let ∂u
A
∂t
|t=0 = vA, ∂uA∂t |t=0 = vA and ∂
2uA
∂t∂t
|t=0 = wA, we also let
GAB = gαβ
∂uA
∂wα
∂uB
∂wβ
= Bjk(I − ϕϕ)jmTmuATkuB, (3.3.3)
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∂∂t
GAB =(
∂
∂t
Bjk)(I − ϕϕ)jmTmuATkuB
+Bjk
∂
∂t
(I − ϕϕ)jmTmuATkuB
+Bjk(I − ϕϕ)jm ∂
∂t
(Tmu
ATku
B),
(3.3.4)
Thus, we see
∂
∂t
∣∣∣∣
t=0
GAB = gjk[∂jv
A∂ku
B
0 + ∂ju
A
0 (∂kv
B − ϕ1k∂muB0 )], (3.3.5)
and,
∂
∂t
∣∣
t=0
GAB = gjk[∂ku
B
0 (∂jv
A − ϕl
1j
∂lu
A
0 ) + ∂ju
A
0 ∂kv
B], (3.3.6)
and
∂2
∂t∂t
∣∣
t=0
GAB =
∂2
∂t∂t
∣∣
t=0
(Bjk)∂ju
A
0 ∂ku
B
0 + g
jk ∂
2
∂t∂t
∣∣
t=0
(I − ϕϕ)jm∂muA0 ∂kuB0
+ gjk
∂2
∂t∂t
∣∣
t=0
(Tmu
ATku
B)
=− gjlgpk∂p∂l
[
(1−∆)−1|ϕ1|2]∂juA0 ∂kuB0 + gjkϕm1lϕl1j∂muA0 ∂kuB0
+ gjk[(∂jw
A − ϕl
1j
∂lv
A)∂ku
B
0 + (∂kw
β − ϕm
1k
∂mv
B)∂ju
A
0
+ ∂jv
A∂kv
B + (∂jv
A − ϕl
1j
∂lu
A
0 )(∂kv
β − ϕm
1k
∂mu
B
0 )
]
,
(3.3.7)
and
∂2
∂t∂t
∣∣∣∣
t=0
hAB =
∂
∂t
(
∂hAB
∂uC
∂uC
∂t
)
∣∣∣∣
t=0
=
∂2hAB
∂uC∂uD
vCvD +
∂hAB
∂uC
wC , (3.3.8)
Let K = (1−∆)−1|ϕ1|2. The volume expansion is written as
∂2
∂t∂t
∣∣∣∣
t=0
dVt = ∆((1−∆)−1|ϕ1|2) = ∆K. (3.3.9)
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Thus,
∂2E(u)
∂t∂t
∣∣∣∣
t=0
=
∫
M0
[
hABg
jk∂ju
A
0 ∂ku
B
0 ∆K − hABgjlgpk∂juA0 ∂kuB0 ∂p∂lK
]
+ hABg
jkϕm
1l
ϕl
1j
∂mu
A
0 ∂ku
B
0
+ hABg
jk
[
((∂jw
A − ϕl
1j
∂lv
A)∂ku
B
0 + (∂kw
β − ϕm
1k
∂mv
B)∂ju
A
0 )
+ ∂jv
A∂kv
B + (∂jv
A − ϕl
1j
∂lu
A
0 )(∂kv
β − ϕm
1k
∂mu
B
0 )
]
+ gjk
[
∂ju
A
0 ∂ku
B
0 (
∂2hAB
∂uC∂uD
vCvD +
hAB
∂uC
wC)
]
+ gjk
[
∂jv
A∂ku
B
0 + ∂ju
A
0 (∂kv
B − ϕm
1k
∂mu
B
0 )
]∂hAB
∂uC
vC
+ gjk
[
∂ju
A
0 ∂kv
B + ∂k(u
B
0 )(∂jv
A − ϕl
1j
∂lu
A
0 )
]∂hAB
∂uC
vC
=
∫
M0
[
hABg
jk∂ju
A
0 ∂ku
B
0 ∆K − hABgjlgpk∂juA0 ∂kuB0 ∂p∂lK
]
dV0
+
∫
M0
[
hABg
jk∂jw
A∂ku
B
0 + hABg
jk∂kw
B∂ju
A
0 + g
jk∂ju
A
0 ∂ku
B
0
∂hAB
∂uC
wC
]
dV0
+
∫
M0
[
hABg
jkϕm
1l
ϕl
1j
∂mu
A
0 ∂ku
B
0 − hABgjkϕl1j∂lvA∂kuB0 − hABgjkϕm1k∂mvB∂juA0
]
dV0
+
∫
M0
hABg
jk
[
∂jv
A∂kv
B + (∂jv
A − ϕl
1j
∂lu
A
0 )(∂kv
β − ϕm
1k
∂mu
B
0 )
]
dV0
+
∫
M0
gjk
[
∂ju
A
0 ∂ku
B
0
∂2hAB
∂uC∂uD
vCvD + ∂jv
A∂ku
B
0
∂hAB
∂uC
vC
+ ∂ju
A
0 (∂kv
B − ϕm
1k
∂mu
B
0 )
∂hAB
∂uC
vC + ∂ju
A
0 ∂kv
B ∂hAB
∂uC
vC
+ ∂ku
B
0 (∂jv
A − ϕl
1j
∂lu
A
0 )
∂hAB
∂uC
vC
]
dV0.
(3.3.10)
By the harmonic map equation and integration by parts, the second integral in
the last equality becomes
∫
M0
[hABg
jk∂jw
A∂ku
B
0 +hABg
jk∂kw
B∂ju
A
0 +g
jk∂ju
A
0 ∂ku
B
0
∂hAB
∂uC
wC ]dV0 = 0. (3.3.11)
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Using the symmetry ϕyωg = 0, the third integral in the last equality is∫
M0
[hABg
jkϕm
1l
ϕl
1j
∂mu
A
0 ∂ku
B
0 − hABgjkϕl1j∂lvA∂kuB0 − hABgjkϕm1k∂mvB∂juA0 ]dV0
=
∫
M0
hABg
jk[(∂kv
A − ϕm
1k
∂mu
A
0 )(∂jv
B − ϕl
1j
∂lu
B
0 )− ∂kvA∂jvBhABgjk]dV0
=
∫
M0
[||∇1,0v − ϕy∂u0||2 − ∂kvA∂jvBhABgjk]dV0,
(3.3.12)
and the fourth integral in the last equality is,
∫
M0
hABg
jk[∂jv
A∂kv
B + (∂jv
A − ϕl
1j
∂lu
A
0 )(∂kv
β − ϕm
1k
∂mu
B
0 )]dV0
=
∫
M0
[||∇1,0v − ϕy∂u0||2 + ∂jvA∂kvBhABgjk]dV0.
(3.3.13)
For the last intergral in the last equality, using integration by parts, for two
terms of it, we get
∫
M0
[gjk∂jv
A∂ku
B
0
∂hAB
∂uC
vC + gjk∂ju
A
0 ∂kv
B ∂hAB
∂uC
vC ]dV0
=−
∫
M0
(2∆uA0 v
BvC
hAB
∂uC
+ gjk∂ku
B
0 ∂jv
CvA
hAB
∂uC
+ gjk∂ju
A
0 ∂kv
BvC
hAC
∂uB
)dV0
−
∫
M0
[gjk∂ju
A
0 ∂ku
B
0
∂2hBC
∂uA∂uD
vCvD + gjk∂ju
A
0 ∂ku
B
0
∂2hAD
∂uB∂uC
vCvD]dV0.
(3.3.14)
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Thus,
∂2E(u)
∂t∂t
∣∣∣∣
t=0
=
∫
M0
[hABg
jk∂ju
A
0 ∂ku
B
0 ∆K − hABgjlgpk∂juA0 ∂kuB0 ∂p∂lK]dV0
+ 2
∫
M0
||∇1,0v − ϕy∂u||2dV0
+
∫
M0
(hABg
jk∂jv
A∂kv
B − hABgjk∂jvB∂kvA)dV0
+
∫
M
gjk∂ju
A
0 ∂ku
B
0 v
CvD[
∂2hAB
∂uC∂uD
− ∂
2hBC
∂uA∂uD
− ∂
2hAD
∂uB∂uC
]dV0
−
∫
M0
(2∆uA0 v
BvC
hAB
∂uC
+ gjk∂ju
A
0 ∂kv
BvC
hAC
∂uB
+ gjk∂jv
A∂ku
B
0 v
C hBC
∂uA
)dV0
+
∫
M0
gjk[(∂ju
A
0 ∂kv
B + ∂ku
B
0 ∂jv
A − ∂kuB0 ϕl1j∂luA0 )vC − ∂juA0 ϕm1k∂muB0 vC ]
∂hAB
∂uC
dV0.
(3.3.15)
Performing integration by parts twice on the term
∫
M0
(hABg
jk∂jv
A∂kv
B)dV0, we get∫
M0
hABg
jk∂jv
A∂kv
BdV0
=
∫
M0
[
gjk∂ju
A
0 ∂ku
B
0 v
CvD
∂2hDC
∂uA∂uB
+ hABg
jk∂kv
A∂jv
B
]
dV0
+
∫
M0
[
∆uA0 v
BvC
∂hBC
∂uA
+ gjk∂jv
A∂ku
B
0 v
C hAC
∂uB
+ gjk∂ju
A
0 ∂kv
BvC
hBC
∂uA
]
dV0.
(3.3.16)
Thus we obtain
∂2E(u)
∂t∂t
∣∣∣∣
t=0
=
∫
M0
hAB
[
gjk∂ju
A
0 ∂ku
B
0 ∆K − hABgjlgpk∂juA0 ∂kuB0 ∂p∂lK
]
dV0
+ 2
∫
M0
||∇1,0v − ϕy∂u0||2dV0 −
∫
M0
RABCD∂ju
A
0 ∂ku
C
0 v
BvDdV0.
(3.3.17)
Repeatedly applying integration by parts for the first two terms, we obtain the
pluri-subharmonicity of the energy.
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Theorem 3.3.1. The second variation of E is
∂2E
∂t∂t
∣∣∣∣
t=0
=−
∫
M0
RABCD∂iu
A
0 ∂ju
C
0 ∂pu
B
0 ∂qu
D
0 g
ijgpqK dV0
+
∫
M0
‖∇1,0∂u0‖2K dV0
− 2
∫
M0
gijRABCD∂iu
A
0 ∂ju
C
0 v
BvDdV0
+ 2
∫
M0
‖∇1,0v − ϕ1y∂u0‖2dV0.
(3.3.18)
In particular, if we assume that the curvature of (N, h) is Hermitian nonpositive,
namely
R(X, Y,X, Y ) ≤ 0
for all X, Y ∈ TCN . (For example when (N, h) is a Ka¨hler manifold of nonpositive
Riemannian sectional curvature.) Then E is a pluri-subharmonic function on the
Teichmu¨ller space T .
Proof. In the following proof, we use notation ∂iu0 = ui, and so on. We analyze
term by term in equation (3.3.17),∫
M
hABg
ijuAi u
B
j
∆KdV0
=
∫
M
hABg
ijuAi u
B
j
gpqKpqdV0
=−
∫
M
∂p(hABg
ijuAi u
B
j
)gpqKqdV0
=
∫
M
gpq∂q∂p(hABg
ijuAi u
B
j
)KdV0
=
∫
M
[∂q∂p(hAB)u
A
i u
B
j
gijgpqK + gpqhAB∂q∂p(g
ijuAi u
B
j
)K]dV0
=
∫
M
∂D∂ChABu
C
p u
D
q u
A
i u
B
j
gijgpqK +
∫
M
hAB∂q∂p(g
ijuAi u
B
j
)gpqKdV0.
(3.3.19)
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∫
M
hABg
ilgpjuAi u
B
j
∂p∂lKdV0
=−
∫
M
∂p(hABu
A
i u
B
j
gil)gpjKldV0
=
∫
M
∂l[∂p(hABu
A
i u
B
j
gil)gpjg]Kg−1dV0
=
∫
M
[∂l∂p(hABu
A
i u
B
j
gil)gpjK + ∂p(hABu
A
i u
B
j
gil)∂l(gg
pj)g−1K]dV0
=
∫
M
[∂D∂ChABu
A
i u
B
j
uCp u
D
l
gilgpjK + hAB∂l∂p(u
A
i u
B
j
gil)gpjK
+ hAB∂p(u
A
i u
B
j
gil)∂l(gg
pj)g−1K]dV0.
(3.3.20)
Therefore, the first integral in the equation (3.3.17) is∫
M
hAB[g
jk∂ju
A∂ku
B∆K − hABgjlgpk∂juA∂kuB∂p∂lK]dV0
=
∫
M
∂D∂ChABu
A
i u
B
j
uCp u
D
q (g
ijgpq − giqgpj)KdV0
+
∫
M
[
hAB∂q∂p(g
ijuAi u
B
j
)gpqK
]
dV0
−
∫
M
[
hAB∂l(∂p(u
A
i u
B
j
gil)gpjg)g−1K
]
dV0.
(3.3.21)
Now, we compute the first term in equation (3.3.21),∫
M
∂D∂ChABu
A
i u
B
j
uCp u
D
q (g
ijgpq − giqgpj)KdV0
=
∫
M
(∂D∂ChABu
A
i u
B
j
uCp u
D
q g
ijgpq − ∂D∂ChABuAi uBj uCp uDq giqgpj)KdV0
=
∫
M
(∂D∂ChAB − ∂B∂ChAD)∂D∂ChABuAi uBj uCp uDq gijgpqKdV0
=
1
2
∫
M
(∂D∂ChAB + ∂B∂AhCD − ∂B∂ChAD − ∂A∂DhBC)uAi uBj uCp uDq gijgpqKdV0
=
∫
M
RACDBu
A
i u
B
j
uCp u
D
q g
ijgpqKdV0
=−
∫
M
RABCDu
A
i u
C
j
uBp u
D
q g
ijgpqKdV0.
(3.3.22)
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The second term in equation (3.3.21) is∫
M
[
hAB∂q∂p(g
ijuAi u
B
j
)gpqK
]
dV0
=
∑
A
∫
M
∇p∇p(uAi uAi )KdV0
=
∑
A
∫
M
(∇p∇p∇iuA∇iuA + |∇∇uA|2 + |∇∇uA|2 +∇p∇p∇iuA)KdV0,
(3.3.23)
and the last integral in equation (3.3.21) is∫
M
[
hAB∂l(∂p(u
A
i u
B
j
gil)gpjg)g−1K
]
dV0
=
∑
A
∫
M
∇i∇p(uAi uAp )KdV0
=
∑
A
∫
M
(∇i∇p∇iuA∇puA + |∇∇uA|2)KdV0
=
∑
A
∫
(∇p∇i∇puA∇iuA + |∇∇uA|2)K)dV0.
(3.3.24)
Hence, by above Lemma 3.3.1,
∂2E(u)
∂t∂t
|t=0 =−
∑
ABCD
∫
M
(RABCDu
A
i u
C
j
uBp u
D
q g
ijgpq + 2RABCDu
A
i u
C
j
vBvDgij)KdV0
+
∑
A
∫
M
|∇∇uA|2KdV + 2
∫
M
||∇1,0v − ϕ1y∂u||2dV0,
(3.3.25)
K = (1 − ∆)−1|ϕ1|2, so ∆K = K − |ϕ1|2. By the maximum principal, we know
K ≥ 0. Combining with the curvature assumption on the target manifold, we
conclude that E(ut) is pluri-subharmonic on the Teichmu¨ller space T .
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